
ADIABATIC QUANTUM COMPUTATION  
WITH SUPERCONDUCTING DEVICES

Frederico Brito



Outline

•Adiabatic quantum computation/quantum annealing;	

!

•Superconducting qubits;



Quantum Factorization of 143 on a Dipolar-Coupling Nuclear Magnetic Resonance System

Nanyang Xu,1 Jing Zhu,1,2 Dawei Lu,1 Xianyi Zhou,1 Xinhua Peng,1,* and Jiangfeng Du1,†

1Hefei National Laboratory for Physical Sciences at Microscale and Department of Modern Physics,
University of Science and Technology of China, Hefei, Anhui, 230026, China

2Department of Physics Shanghai Key Laboratory for Magnetic Resonance, East China Normal University Shanghai 200062
(Received 13 November 2011; published 30 March 2012)

Quantum algorithms could be much faster than classical ones in solving the factoring problem.

Adiabatic quantum computation for this is an alternative approach other than Shor’s algorithm. Here

we report an improved adiabatic factoring algorithm and its experimental realization to factor the number

143 on a liquid-crystal NMR quantum processor with dipole-dipole couplings. We believe this to be the

largest number factored in quantum-computation realizations, which shows the practical importance of

adiabatic quantum algorithms.
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Multiplying two integers is often easy while its inverse
operation—decomposing an integer into a product of two
unknown factors—is hard. In fact, no effective methods in
classical computers is available now to factor a large
number which is a product of two prime integers [1].
Based on this lack of factoring ability, cryptographic tech-
niques such as RSA have ensured the safety of secure
communications [2]. However, Shor proposed his famous
factoring algorithm [3] in 1994 which could factor a larger
number in polynomial time with the size of the number on
a quantum computer. Early experimental progresses have
been done to demonstrate the core process of Shor’s algo-
rithm on liquid-state NMR [4] and photonic systems [5,6]
for the simplest case—the factoring of number 15.

While traditional quantum algorithms including Shor’s
algorithm are represented in circuit model, i.e., computa-
tion performed by a sequence of discrete operations, a new
kind of quantum computation based on the adiabatic theory
was proposed by Farhi et al. [7] where the system was
driven by a continuously-varying Hamiltonian. Unlike
circuit-based quantum algorithms, adiabatic quantum
computation (AQC) is designed for a large class of opti-
mization problems—problems to find the best one among
all possible assignments. Moreover, AQC shows a better
robustness against error caused by dephasing, environmen-
tal noise and imperfection of unitary operations [8,9]. Thus
it has grown up rapidly as an attractive field of quantum-
computation research.

Several computational hard problems have been formu-
lated as optimization problems and solved in the archi-
tecture of AQC, for example, the three-satisfiabilty prob-
lem, Deutsch’s problem, and quantum database search
[7,10–15]. Recently Peng et al. [16] have adopted a simple
scheme to solve the factoring problem in AQC and imple-
mented it on a liquid-state NMR system to factor the
number 21. However, this scheme could be very hard for
large applications due to the exponentially-growing spec-
trum width of the problem Hamiltonian. At the same time,

another adiabatic factoring scheme provided by Schaller
and Schützhold [17] could suppress the spectrum width
and shows to be much faster than classical factoring algo-
rithms or even an exponential speed-up.
However, Schaller and Schützhold’s original factoring

scheme is too hard to be implemented for any nontrival
factoring cases on current quantum processors. In this
Letter, we improve the original scheme to use less resour-
ces by simplifying the equations mathematically. And a
factoring case of 143 is chosen as an example to be
resolved in this scheme and finally experimentally imple-
mented on a liquid-crystal NMR system with dipolar
couplings. We believe this to be the largest number
factored on quantum-computation realizations.
As mentioned before, AQC was originally proposed to

solve the optimization problem. Because the solution space
of an optimization problem grows exponentially with the
size of problem, to find the best one is very hard for
the classical computers when the problem’s size is large.
In the framework of AQC, a quantum system is prepared in
the ground state of initial Hamiltonian H0, while the pos-
sible solutions of the problem is encoded to the eignestates
state of problem Hamiltonian Hp and the best solution to
its ground state. For the computation, the time-dependent
Hamiltonian varies from H0 to Hp, and if this process
performs slowly enough, the quantum adiabatic theorem
will ensure the system stays in its instantaneous ground
state. So in the end, the system will be in the ground state of
Hp which denotes the best solution of the problem. Simply
the time-dependent Hamiltonian is realized by an inter-
polation scheme

HðtÞ ¼ ½1! sðtÞ&H0 þ sðtÞHP; (1)

where the function sðtÞ varies from 0 to 1 to parametrize the
interpolation. The solution of the optimization problem
could be determined by an measurement of the system
after the computation.
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Adiabatic theorem

“Consider a system with a time dependent Hamiltonian H(t) and a 
state vector         , which is the solution of the Schrödinger equation| (t)i

Let         be the instantaneous eigenstates of H(t) with eigenvalues 
En(t). If at the initial time t = 0 the system starts in an eigenstate of 
the Hamiltonian H(0), i.e.

i~ @
@t

| (t)i = H(t)| (t)i

|En(t)i

| (0)i = |En(0)i

it will remain in the same instantaneous eigenstate,      , at later 
time, as long as the evolution of the Hamiltonian is slow enough to 
satisfy

|En(t)i

max

t2[0,T ]

�����
hEm(t)| ˙H|En(t)i

E2
nm(t)

����� ⌧ 1



of Φe are shown in Fig. 1d. At the degeneracy point, the probability of 
observing either state is ½. As Φe is reduced, the probability of observing 
!    〉 increases while that of observing !    〉 decreases.

The first observation of quantum superposition in a flux qubit was 
made spectroscopically. The state of the flux qubit is measured with 
a d.c. superconducting quantum interference device (SQUID)14. This 
device consists of two Josephson junctions, each with critical current I0, 
connected in parallel on a superconducting loop of inductance L. The 
critical current of the SQUID Ic(Φs) is periodic in the externally applied 
magnetic flux Φs with period Φ0. In the limit βL ≡ 2LI0/Φ0 << 1 in which 
the Josephson inductance dominates the geometrical inductance, the 
critical current for Φs = (m + ½)Φ0 (m is an integer) is reduced to almost 
zero, and the flux dependence of the critical current takes the approxi-
mate form14 Ic(Φs) ≈ 2I0!cos(πΦs/Φ0)!. Thus, by biasing the SQUID with a 
constant magnetic flux near Φ0/2, and measuring the critical current, the 
changes in flux produced by a nearby qubit can be measured with high 
sensitivity. In most experiments with qubits, a pulse of current is applied 
to the SQUID, which either remains in the zero-voltage state or makes 
a transition to the voltage state, producing a voltage 2∆s/e. Because its 
current–voltage characteristic is hysteretic, the SQUID remains at this 
voltage until the current bias has been removed, allowing researchers 
to determine whether the SQUID has switched. For sufficiently small 
current pulses, the probability of the SQUID switching is zero, whereas 
the probability is one for sufficiently large pulses. The switching event 
is a stochastic process and needs to be repeated many times for the flux 
in the SQUID to be measured accurately.

The first step in spectroscopic observation of quantum superposition is 
to determine the height of the current pulse at which the SQUID switches 
— with, for example, a probability of ½ — as a function of Φe over a narrow 
range (perhaps ± 5mΦ0). Subsequently, a pulse of microwave flux is applied 
at frequency fm, which is of sufficient amplitude and duration to equalize 
the populations of the ground state and first excited state when the energy-
level splitting difference ν = hfm. Assuming that !    〉 is measured, then, on 
resonance, there will be a peak in the switching probability for Φe < Φ0/2 
and a corresponding dip for Φe > Φ0/2. An example of these results11,15 is 
shown in Fig. 2. The configuration of the qubit and the SQUID is shown 
in Fig. 2a, and the peaks and dips in the amplitude of the switching current 

Experiments on superconducting qubits are challenging. Most 
superconducting qubits are created by using electron-beam 
lithography, need millikelvin temperatures and an ultralow-noise 
environment to operate, and can be studied only by using very sensitive 
measurement techniques. 

Superconducting qubits generally require Josephson junctions 
with dimensions of the order of 0.1 × 0.1 µm2 — corresponding to a 
self-capacitance of about 1 fF — and are patterned by using shadow 
evaporation and electron-beam lithography79; an exception is the phase 
qubit, which typically has a junction of 1 × 1 µm2

 
and can be patterned 

photolithographically. The Josephson junctions are usually Al–AlxOy–Al 
(where x ≤ 2 and y ≤ 3), and the oxidation must be controlled to yield 
relatively precise values of Ej and Ec. Because qubit frequencies are 
usually 5–10 GHz (which corresponds to 0.25–0.5 K), the circuits are 
operated in dilution refrigerators, typically at temperatures of 
10–30 mK, to minimize thermal population of the upper state. 

Great efforts are made to attenuate external electrical and magnetic 
noise. The experiment is invariably enclosed in a Faraday cage — either 
a shielded room or the metal Dewar of the refrigerator with a contiguous 
metal box on top. The electrical leads that are connected to the qubits 
and their read-out devices are heavily filtered or attenuated. For 
example, lines carrying quasistatic bias currents usually have multiple 
low-pass filters at the various temperature stages of the refrigerator. 
These include both inductor–capacitor and resistor–capacitor filters that 
operate up to a few hundred megahertz, as well as wires running through 
copper powder, which results in substantial loss at higher frequencies5. 
The overall attenuation is typically 200 dB. Finally, the read-out process 
for probing a quantum system is very delicate.

Box 2 | Experimental issues with superconducting qubits

Figure 1 | The theory underlying flux qubits. a, Flux qubits consist of a 
superconducting loop interrupted by either one or three (shown) Josephson 
junctions. The two quantum states are magnetic flux Φ pointing up !    〉 
and Φ pointing down !    〉 or, equivalently, supercurrent Iq circulating in the 
loop anticlockwise and Iq circulating clockwise. b, The double-well potential 
(black) versus total flux Φ contained in a flux qubit is shown. The two wells 
are symmetrical when the externally applied magnetic flux Φe is (n + ½)Φ0, 
where n is an integer (n = 0 in this case). The coloured curves are the 
eigenfunctions (probability amplitudes) for the ground state (symmetrical; 
red) and first excited state (antisymmetrical; blue). c, The energy E of the 
two superpositions states in b versus the energy bias ε = 2Iq(Φe − Φ0/2) is 
shown. The diagonal dashed black lines show the classical energies. The 
energy-level splitting is Δ at the degeneracy point, ε = 0, and is ν for ε ≠ 0. 
d, The probabilities of the qubit flux pointing up (green) or down (yellow) 
in the ground state versus applied flux are shown.
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Adiabatic quantum computing
In AQC, one defines the answer to a computational problem as the ground state 
of a complex network of interactions between qubits, and then one adiabatically 
evolves those qubits from into that ground state by slowly turning the interactions. 

Example: Ising spin Model

H =
X

i

hi�
z
i +

X

i,j

Ji,j�
z
i �

z
j

- Finding its ground state: non-deterministic polynomially (NP) hard problem;	

!
- Many important hard problems (optimization problems) can be reformulated 
as the problem of finding the ground state of an Ising spin system;

p



Adiabatic quantum computing

• A physical quantum system is initially prepared in its known ground state;	

!
!

•The computation involves gradually (adiabatically) changing the system 
Hamiltonian, in such way that the system remains in the instantaneous ground state 
throughout the evolution with high probability;	

!
!

•The ground state of the final Hamiltonian provides the solution to the problem 
to be solved;

- Protocol:



Adiabatic quantum computing

- Example: H(t) = �A(t)
X

i

�x

i

+B(t)H
p

At t = 0,                and             A(0) = 1 B(0) = 0 ) H(0) = �
X

i

�x

i

Finding the ground state: easy problem

If the system evolves adiabatically from t = 0 to t = tf, such 
that                 and              , system will be found in the 
Hp ground state.

A(tf ) = 0 B(tf ) = 1



- Remarks:
!
• No coherent superpositions between eigen-energy states required;	

!
➡ the system can leave the ground state during the evolution (thermal 
activation, non-adiabatic transitions). The protocol will succeed as long as 
at the end the system returns to the instantaneous ground state.  	

!

 	

• Minimum gap plays a major role in AQC;	

!
➡ in general, determining the minimum gap is as hard as to solve the 
original problem. Another caveat is the fact that the system minimum 
gap tends to decrease very fast with the system size;	

!
!

• Even though AQC is already known to be universal, all the 
implementations proposed are for specialized problems (optimization 
problems). 



Superconducting qubits

• Elements of superconducting qubits: loops and Josephson 
junctions.	


• Charge, phase and flux superconducting qubits.	


• Qubit-transmission line coupling.	


• Perspectives.



Overview

• Superconducting qubits:	


- Ground state dynamics;	


‣ Superconducting Gap	


- Loops;	


- Josephson junctions;	


✴Transmission lines.

⌧
op

⇡ 10�10s T1 ⇡ 10ns � 1µsT ⇡ 30mK ⇠ 0.6GHz

⇠ 100GHz
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Figure 1 |Architecture and operation of the quantum processor. a, Photomicrograph of the sample, fabricated with aluminium (coloured) on sapphire
substrate (dark). b, Schematic of the quantum processor. Each phase qubit Qi is capacitively coupled to the central half-wavelength bus resonator B and a
quarter-wavelength memory resonator Mi. The control lines carry gigahertz microwave pulses to produce single-qubit operations. Each Qi is coupled to a
superconducting quantum interference device (SQUID) for single-shot readout. c, Illustration of quantum processor operation. By applying pulses on each
control line, each qubit frequency is tuned in and out of resonance with B (M) to perform entangling (memory) operations. d, Swap spectroscopy16 for all
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between Qi and B (Mi), which are all ⇠=55 MHz (⇠=20 MHz).
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desired symmetric coupling between all pairs of qubits is as shown on
the left in Fig. 1d. The design can be simplified by transforming the
coupling network into an equivalent circuit (Fig. 1d, right) in which
each qubit is coupled capacitively to a central ‘island’ (Supplementary
Information). This simplified design is easier to lay out symmetrically
on chip and requires only N capacitors to couple N qubits, rather than
the N(N 2 1)/2 capacitors in the complete network.

Figure 2a shows the complete schematic of the device with four
phase qubits connected by the capacitive island coupler. Each qubit
is individually controlled by a bias coil that sets the operating flux bias
and carries microwave pulses for manipulating and measuring the
qubit state. In addition, each qubit is coupled to an on-chip SQUID
for state read-out. Figure 2b shows a micrograph of the fabricated
device, made from aluminium films on sapphire substrate with Al–
AlOx–Al Josephson junctions. The completed device is mounted in a
superconducting aluminium sample holder and cooled in a dilution
refrigerator to ,25 mK. Initial calibration of the multi-qubit device is
similar to that described in previous works20,21. Although the coupling
capacitors are fixed, the effective interaction can be controlled by
tuning the qubits into resonance at fB 5 6.55 GHz (coupling ‘on’) or
by detuning qubits A and C to 6250 MHz (coupling off)22. The mea-
sured coupling strengths were found to be within 5% of 12.5 MHz for
each pair of qubits. Notably, all qubits can be brought into resonance
simultaneously, as required for the jWæ protocol, or two qubits can be

tuned into resonance with the third detuned, as required for the
iSWAP gates in the jGHZæ protocol.

Capacitive coupling as used here is simple and well understood but
is subject to measurement cross-talk4,7, which can cause, for example, a
state j001æ to be erroneously read out as j011æ, j101æ or even j111æ. This
cross-talk affects measured probabilities of all excited-state popula-
tions; however, it has no effect on the ‘null-result’ probability of mea-
suring j000æ, because cross-talk can only act if at least one qubit
is excited. By measuring various subsets of qubits and recording the
null-result probability for each subset, we are able to reconstruct the
combined state occupation probabilities without any effect from mea-
surement cross-talk (Supplementary Information).

Figure 3 shows the time evolution of the state occupation probabilities
during for the entangling protocols, using cross-talk-free measurement.
In the jWæ protocol (Fig. 3a), one qubit is excited and then the symmetric
interaction between all pairs of qubits is used to distribute that excitation
among all three, as described above. When the interaction time is chosen
properly, the system reaches an equal superposition and subsequently
stays there while the interaction is off (Fig. 3b). Because this one excita-
tion is swapped among the various qubits, the state evolution during this
protocol is clearly visible in the occupation probabilities as they change

CouplerCc = 15 fF
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100 µm 

SQUID

Biasb
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Figure 2 | Device description and operation. a, Schematic of coupled-qubit
circuit. Each qubit is controlled individually by a flux bias line that sets the d.c.
operating point, provides quasi-d.c. pulses for tuning the qubits in and out of
resonance and provides a.c. (microwave) control signals for qubit rotations. In
addition, each qubit is coupled to a superconducting quantum interference
device (SQUID) for read-out of the qubit state. The qubits are capacitively
coupled to the central island, which results in symmetric coupling between all
pairs of qubits. b, Photomicrograph of the sample, fabricated with aluminium
(light areas) on sapphire substrate (dark areas). The coupler is the cross-shaped
structure in the centre, and the simplicity of this design is evident in the
straightforward correspondence between the schematic and the completed
device. The entire sample is mounted in a superconducting aluminium box and
cooled to 25 mK in a dilution refrigerator.

Time (ns)

P
ro

ba
bi

lit
y

0
0

1a

b

c

Time (ns)

P
ro

ba
bi

lit
y

0

1

P000
P001
P010
P100
P011
P101
P110
P111

P
ro

ba
bi

lit
y

0

0.5

Time (a.u.)

π

Time

18 ns

π

Time

Y

40 ns

Y

Y

–X

–X

40 ns

1 2 3 1 2 3

12 ns12 ns

100

0 100

Figure 3 | Generation of entangled states in the time domain. In each panel,
the pulse sequence is shown on the left with time on the horizontal axis and
qubit frequency on the vertical axis, and the measured state occupation
probabilities (Pabc) are shown on the right. a, To characterize the three-qubit
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High coherence hybrid superconducting qubit

Matthias Ste↵en, Shwetank Kumar, David P. DiVincenzo, J.R.
Rozen, George A. Keefe, Mary Beth Rothwell, Mark B. Ketchen

IBM Watson Research Ctr., Yorktown Heights, NY 10598 USA

We measure the coherence of a new superconducting qubit, the low-impedance flux qubit, finding
T ⇤
2 ⇠ T1 ⇠ 1.5µs. It is a three-junction flux qubit, but the ratio of junction critical currents is chosen

to make the qubit’s potential have a single well form. The low impedance of its large shunting
capacitance protects it from decoherence. This qubit has a moderate anharmonicity, whose sign
is reversed compared with all other popular qubit designs. The qubit is capacitively coupled to a
high-Q resonator in a �/2 configuration, which permits the qubit’s state to be read out dispersively.

PACS numbers:

While there have been many successful superconduct-
ing qubit types, their large diversity suggests that the op-
timal qubit will be a hybrid combining favorable features
of all: the tunability of the flux qubit [1–3], the simplicity,
robustness and low impedance of the phase qubit [4–6]
and the high coherence and compatibility with high-Q
superconducting resonators of the transmon [7, 8]. We
have built such a hybrid, related to a suggested design
of You et al.[9]. Our capacitively shunted flux qubit be-
gins as a traditional three-junction loop[1], but is made
to have low impedance by virtue of a large capacitive
shunt (Cs = 100fF) of the small junction. This new su-
perconducting qubit is as coherent as the best currently
reported; we measure T ⇤

2 ⇠ T1 ⇠ 1.5µs.
Since the key to this qubit is the large shunting ca-

pacitance Cs and therefore its low e↵ective impedancep
LJ/Cs, we will call it the low-impedance flux qubit

(Zflux qubit). As Fig. 1(a) shows, the shunt capacitor
is realized using a simple, reliable single-level interdigi-
tated structure. We choose the ratio of the small and
large junction critical currents I0 to be around ↵ = 0.3.
For this ↵ the qubit potential has only one minimum
(see Eq. (3) below), and the qubit shows only a weak
dependence of the qubit frequency !01 on applied flux
�. As for the original flux qubit, a “sweet spot” ex-
ists at which the qubit is to first order insensitive to �,
giving rise to long dephasing times, but even away from
this degeneracy point our frequency sensitivity is about
a factor of 30 smaller than in the traditional flux qubit.
Our flux sensitivity is comparable to that of the phase
qubit (@!01/@� ⇠ 30 GHz/�0) which permits tunabil-
ity without completely destroying phase coherence, de-
spite the presence of significant flux noise amplitude on
the order of S� = 1 � 2µ�0/

p
Hz. Modeling indicates

that our qubit at the sweet spot still has appreciable
anharmonicity, with |!12 � !01|/2⇡ in the neighborhood
of several 100 MHz (or about 2� 10% of the qubit reso-
nance frequency, depending on ↵), but interestingly, with
!12 > !01, the opposite of any important qubit except
the flux qubit. Such anharmonicity leads to a situation
where all of the lowest energy levels for a two-qubit sys-
tem would be those of the computational manifold |0i

and |1i, which will facilitate coupled qubit experiments.

FIG. 1: Micrograph and simulated frequency response of the
Zflux qubit. (a) A micrograph of the qubit shows the inter-
digitated shunting capacitor (Cs = 100fF), which is made of
aluminum simultaneously with the junction fabrication step.
The qubit has three junctions, as in the traditional flux qubit.
(b) The qubit frequency response is much weaker than the
traditional flux qubit (inset: derivative @f01/@�0). Near the
sweet spot at � = 0.5�0 the qubit anharmonicity is “in-
verted”: !12 > !01. (d) The qubit is read out dispersively by
coupling it capacitively via Cqr ⇠ 1.6fF to a half-wavelength
coplanar waveguide resonator with a resonance frequency of
fr = 10.35GHz.

The reduced impedance of this qubit has several ad-
vantages. Qubits with low self-capacitance are more sus-
ceptible to residual capacitive coupling e↵ects [10, 11].
By increasing the self-capacitance to a level similar to
the phase qubit and the transmon, these e↵ects are still
present but at a more manageable level. Additionally, by
introducing a large self-capacitance we provide additional
means of coupling multiple qubits e↵ectively (capacitive
or inductive coupling).
The Zflux qubit is modeled as in reference [9]. As-

suming the loop inductance is much less than the junc-
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Demonstration of controlled-NOT quantum gates on
a pair of superconducting quantum bits
J. H. Plantenberg1, P. C. de Groot1, C. J. P. M. Harmans1 & J. E. Mooij1

Quantum computation requires quantum logic gates that use the
interaction within pairs of quantum bits (qubits) to perform con-
ditional operations1. Superconducting qubits may offer an attractive
route towards scalable quantum computing. In previous experi-
ments on coupled superconducting qubits, conditional gate beha-
viour2 and entanglement3 were demonstrated. Here we demonstrate
selective execution of the complete set of four different controlled-
NOT (CNOT) quantum logic gates, by applying microwave pulses of
appropriate frequency to a single pair of coupled flux qubits. All two-
qubit computational basis states and their superpositions are used as
input, while two independent single-shot SQUID detectors measure
the output state, including qubit–qubit correlations. We determined
the gate’s truth table by directly measuring the state transfer ampli-
tudes and by acquiring the relevant quantum phase shift using a
Ramsey-like interference experiment. The four conditional gates
result from the symmetry of the qubits in the pair: either qubit
can assume the role of control or target, and the gate action can be
conditioned on either the 0-state or the 1-state. These gates are now
sufficiently characterized to be used in quantum algorithms, and
together form an efficient set of versatile building blocks.

In order to use superconducting circuits in quantum computing
implementations, it is necessary to find a way to implement efficient
quantum logic gates on pairs of qubits. Single superconducting
qubits can be designed to operate in the charge4, charge-phase5, flux6

and phase7 regimes. In our experiments, we use a flux qubit consist-
ing of a superconducting loop interrupted by three Josephson junc-
tions, which can behave as a quantum two-level system8. Varying the
magnetic flux threading the loop controls the energy level separation.
At exactly half a flux quantum, the two classical states carrying a
clockwise and an anticlockwise persistent current are degenerate.
Quantum mechanical level repulsion occurs, and the eigenstates
are formed by a symmetric and an antisymmetric superposition of
the classical current states. When moving away from the degeneracy
point, the eigenstates approach the classical current states and pro-
duce a net magnetic field. The qubit state is manipulated using
microwave pulses resonant with the level separation; the circulating
currents are used to detect the state with a superconducting quantum
interference device (SQUID) magnetometer.

Previously, in experiments on two interacting superconducting
qubits, spectroscopy was demonstrated9–12 as well as coherent qubit–
qubit interaction controlled by non-adiabatic bias shifts2,3,13,14. In our
experiments, we couple two flux qubits magnetically with a fixed
strength, resulting in a four-level system that is tunable with the indi-
vidual flux biases. Four different two-qubit operations are realized
with simple microwave pulses. The sample is depicted in Fig. 1. The
qubit pair is described by the hamiltonian

H~H1zH2zH12~{
1

2
e1s1

zzD1s1
xze2s2

zzD2s2
x

! "
zJs1

z s2
z ð1Þ

where ei 5 2Ip,i (Wi 2 KW0) represent the magnetic energy biases with
Ip,i the persistent currents, Wi the fluxes threading the loop and W0 the
superconducting flux quantum, Di determine the coupling between
the two classical current states of the single qubits, J is the qubit–qubit

coupling energy and si
x,y,z are the Pauli spin matrices. To use the flux

1Kavli Institute of NanoScience, Delft University of Technology, PO Box 5046, 2600 GA, Delft, The Netherlands.

Iµw

5µm

Idc,2

Isq,2

Idc,1

V2

Isq,1

V1

Figure 1 | Coupled-qubits set-up. Atomic force micrograph of the sample,
showing the two ‘8’-shaped flux qubits in light grey. These are a gradiometric
variety of the common three-junction flux qubit, using a trapped
supercurrent in the outer uninterrupted loop to bias the qubit at its
degeneracy point18. The three Josephson junctions defining the qubit are
visible on the middle horizontal branches; a single junction (white box) is
shown magnified in the inset. The qubits are fabricated with electron beam
lithography and two-angle shadow evaporation of aluminium. Two
junctions are characterized by the ratio of Josephson to charging energy, EJ/
EC 5 36; the relative area of the third is taken to be a 5 0.75. The persistent
currents Ip,i and energy gaps Di are 450 nA and h 3 2.6 GHz for the first
qubit, and 480 nA and h 3 2.2 GHz for the second. In the presented
experiments, the first qubit is chosen to act as control (C) and the second as
target (T). The coupling strength 2J 5 h 3 400 MHz. On top of the qubits,
two SQUIDs (shown in orange), used as switching qubit-state detectors, are
fabricated in a separate lithography step. They are electrically isolated from
the qubits, and operated by carefully-timed sample-and-hold (5-ns and 250-
ns) d.c. pulses from current sources Isq,1 and Isq,2 (ref. 6). The resulting
voltages V1 and V2, which depend on the qubit state, are detected using
amplifiers and threshold detectors. Currents Idc,1 and Idc,2 bias the qubits
through two small coils (shown in orange); in the experiments the energy
level separations are nC 5 7 GHz and nT 5 5 GHz, applying currents
Idc,i < 10mA. Here the characteristic times are T1 5 50–100 ns, T2,free < 5 ns
and T2,Rabi 5 15–20 ns. Qubit transitions are induced magnetically using an
on-chip wire connected to a 50V microwave source, Imw. The experiments
are performed in a dilution refrigerator at T < 50 mK, with all current and
voltage connections carefully filtered and/or attenuated.
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pole, then ! would be the co-latitude of the struts
and the longitudinal angle between the struts would
be 120°.

16. The presence of the factor of c 2 confirms that this is
a relativistic effect. There is no swimming effect in
the analogous Newtonian problem.

17. The fact that the swimming displacement per
stroke is so small means that, strictly speaking, one
should consider the swimming effect relative to
the ordinary nonswimming geodesic motion of the

swimmer. However, the calculation that is present-
ed is enough to show the existence of the effect
that is surely also present in more complicated
situations. Perhaps the most interesting case to
consider would be a swimmer in a circular orbit,
where the swimming effect could be used to grad-
ually increase the radius of the orbit.

18. I thank J. Touma for infecting me with his
interest in geometric phase and for bringing the
articles of A. Shapere and F. Wilczek to my atten-

tion. I thank H. Abelson, E. Bertschinger, D. Finkel-
stein, R. Hermann, P. Kumar, G. J. Sussman, J.
Touma, and F. Wilczek for helpful and pleasant
conversations.
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REPORTS
Coherent Quantum Dynamics of
a Superconducting Flux Qubit

I. Chiorescu,1* Y. Nakamura,1,2 C. J. P. M. Harmans,1 J. E. Mooij1

We have observed coherent time evolution between two quantum states of a
superconducting flux qubit comprising three Josephson junctions in a loop. The
superposition of the two states carrying opposite macroscopic persistent cur-
rents is manipulated by resonant microwave pulses. Readout by means of
switching-event measurement with an attached superconducting quantum in-
terference device revealed quantum-state oscillations with high fidelity. Under
strong microwave driving, it was possible to induce hundreds of coherent
oscillations. Pulsed operations on this first sample yielded a relaxation time of
900 nanoseconds and a free-induction dephasing time of 20 nanoseconds. These
results are promising for future solid-state quantum computing.

It is becoming clear that artificially fabricated
solid-state devices of macroscopic size may, un-
der certain conditions, behave as single quantum
particles. We report on the controlled time-depen-
dent quantum dynamics between two states of a
micron-size superconducting ring containing bil-
lions of Cooper pairs (1). From a ground state in
which all the Cooper pairs circulate in one direc-
tion, application of resonant microwave pulses
can excite the system to a state where all pairs
move oppositely, and make it oscillate coherently
between these two states. Moreover, multiple
pulses can be used to create quantum operation
sequences. This is of strong fundamental interest
because it allows experimental studies on deco-
herence mechanisms of the quantum behavior of a
macroscopic-sized object. In addition, it is of
great importance in the context of quantum com-
puting (2) because these fabricated structures are
attractive for a design that can be scaled up to
large numbers of quantum bits or qubits (3).

Superconducting circuits with mesoscopic Jo-
sephson junctions are expected to behave accord-
ing to the laws of quantum mechanics if they are
separated sufficiently from external degrees of

freedom, thereby reducing the decoherence.
Quantum oscillations of a superconducting two-
level system have been observed in the Cooper
pair box qubit using the charge degree of freedom
(4). An improved version of the Cooper pair box
qubit showed that quantum oscillations with a
high quality factor could be achieved (5). In ad-
dition, a qubit based on the phase degree of
freedom in a Josephson junction was presented,
consisting of a single, relatively large Joseph-
son junction current-biased close to its critical
current (6, 7).

Our flux qubit consists of three Josephson
junctions arranged in a superconducting loop
threaded by an externally applied magnetic flux
near half a superconducting flux quantum "0 #
h/2e [(8); a one-junction flux qubit is described in
(9)]. Varying the flux bias controls the energy
level separation of this effectively two-level
system. At half a flux quantum, the two lowest
states are symmetric and antisymmetric super-
positions of two classical states with clockwise
and anticlockwise circulating currents. As
shown by previous microwave spectroscopy
studies, the qubit can be engineered such that
the two lowest eigenstates are energetically
well separated from the higher ones (10).
Because the qubit is primarily biased by
magnetic flux, it is relatively insensitive to
the charge noise that is abundantly present in
circuits of this kind.

The central part of the circuit, fabricated
by electron beam lithography and shadow

evaporation of Al, shows the three in-line
Josephson junctions together with the small
loop defining the qubit in which the persistent
current can flow in two directions, as shown
by arrows (Fig. 1A). The area of the middle
junction of the qubit is ! # 0.8 times the area
of the two outer ones. This ratio, together
with the charging energy EC # e 2/2C and the
Josephson energy EJ # hIC/4$e of the outer
junctions (where IC and C are their critical
current and capacitance, respectively), deter-
mines the qubit energy levels (Fig. 2A) as a
function of the superconductor phase %q

across the junctions (Fig. 1B). Close to %q #

1Quantum Transport Group, Department of Nano-
Science, Delft University of Technology and Delft
Institute for Micro Electronics and Submicron Tech-
nology (DIMES), Lorentzweg 1, 2628 CJ Delft, Neth-
erlands. 2NEC Fundamental Research Laboratories, 34
Miyukigaoka, Tsukuba, Ibaraki 305-8501, Japan.

*To whom correspondence should be addressed. E-
mail: chiorescu@qt.tn.tudelft.nl

Fig. 1. (A) Scanning electron micrograph of a flux
qubit (small loop with three Josephson junctions of
critical current &0.5 'A) and the attached SQUID
(large loop with two big Josephson junctions of
critical current&2.2 'A). Evaporating Al from two
different angles with an oxidation process between
them gives the small overlapping regions (the Jo-
sephson junctions). The middle junction of the
qubit is 0.8 times the area of the other two, and
the ratio of qubit/SQUID areas is about 1:3. Ar-
rows indicate the two directions of the persistent
current in the qubit. The mutual qubit/SQUID in-
ductance is M ( 9 pH. (B) Schematic of the
on-chip circuit; crosses represent the Josephson
junctions. The SQUID is shunted by two capacitors
(&5 pF each) to reduce the SQUID plasma fre-
quency and biased through a resistor (&150 ohms)
to avoid parasitic resonances in the leads. Symme-
try of the circuit is introduced to suppress excita-
tion of the SQUID from the qubit-control pulses.
The MW line provides microwave current bursts
inducing oscillating magnetic fields in the qubit
loop. The current line provides the measuring pulse
Ib and the voltage line allows the readout of the
switching pulse Vout. The Vout signal is amplified,
and a threshold discriminator (dashed line) detects
the switching event at room temperature.
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not be limited by the relaxation times of either qubit or the cavity,
putting this experiment in the strong coupling regime (gA,B .
cA,B . k) for circuit QED19 with qubit decay rates of cA < 20 MHz
and cB < 5 MHz, and a cavity decay rate of k/2p< 1 MHz.

When a single qubit is on-resonance with the cavity, so that the
detuning is D5 v 2 vr 5 0, the individual eigenstates of the cavity
(j0æ,j1æ) and the qubit (jgæ,jeæ) are no longer the eigenstates of the
coupled system. Here, we find new eigenstates formed by an equal
combination of cavity photons and qubit excitations, leading to the
symmetric and antisymmetric superpositions 0j i ej i+ 1j i gj ið Þ

! ffiffiffi
2
p

.
We also find that the energy-level separation of the new eigenstates,
"(v 6 g), shows the typical vacuum-Rabi mode splitting. In addi-
tion, the exchange of photons between the cavity and a single qubit is
strongest on-resonance.

In a familiar cavity QED experiment, an atom is excited, jeæ,
and then interacts with an empty cavity, j0æ. The initial coupled-
system state j0æjeæ begins to oscillate in time according to
cos(gt)j0æjeæ 2 isin(gt)j1æjgæ, so that the atom excitation jeæ is trans-
formed into a cavity photon j1æ after a time t 5 p/2g set by the
interaction energy "g. This continues coherently, with the photon
continuously being transferred back and forth between the atom and
the cavity in a process known as vacuum-Rabi oscillations. In typical
atom–cavity systems14,15, the interaction time is controlled by the
atom’s velocity through the cavity. In our analogous phase qubit–
cavity system, we have the flexibility of using fast (,1 ns rise time),
roughly rectangular flux bias shift pulses to adjust the interaction
time (pulse width) and detuning D (pulse amplitude).

As a first demonstration of strongly coupled circuit QED in our
system, these two basic vacuum-Rabi behaviours were independently
verified for qubit A and qubit B. In Fig. 2a, we show an example of the
vacuum-Rabi splitting for qubit B (a similar splitting was obtained
for qubit A) using well-established spectroscopic techniques24,26.
Vacuum-Rabi oscillations were also obtained for both qubits using
an analogous technique borrowed from quantum optics27 and used
previously for a superconducting flux qubit coupled to a lumped-
element cavity21. With qubit B fixed at a given detuning DB, a fast
(,4 ns) p pulse was applied to qubit B, preparing the initial coupled-
system state j0æjeæB. After a short interaction time, the state of the
qubit is measured using a fast bias pulse in a manner identical to
previous coupled-phase qubit experiments11,26.

In Fig. 2b, we show an example of vacuum-Rabi oscillations for
qubit B (similar oscillations were obtained for qubit A) for various
detunings DB with a raw contrast of ,20%, visible out to 200 ns. We
see an increase in the vacuum-Rabi frequency with detuning, roughly

proportional to
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4g 2

BzD2
B

q
, with a minimum value on-resonance

(DB 5 0). An additional energy splitting, near the cavity resonance
(seen in Fig. 2a on the lower spectroscopic branch) caused by a two-
level system (TLS) defect common to large-area Josephson phase
qubits24,26, is responsible for a slight broadening of the spectroscopic
splitting and a beating in the oscillations centred at DB/gB < 0.5.
Numerical calculations taking into account the size and position of
the TLS agree well with the data for gB/p< 86 MHz, where a small
amount of beating is still visible on-resonance (see the inset of
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Figure 1 | Schematic description of the experiment set-up. a, Potential-
energy diagram of the phase qubit (red line) and illustration of the operation
and measurement (green line), where tunnelling of the qubit excited state | eæ
results in a difference of about one flux quantum in the loop, which is read
out by a d.c. SQUID24. Repeated simultaneous single-shot measurements11

(typically 1,000 events per data point) provides the necessary statistics to
determine the excited-state population PA and PB of qubits A and B.
b, Illustration of the quantum memory element with two Josephson phase
qubits (with junction areas ,14 mm2) connected via coupling capacitors

Cc < 6.2 fF to either end of a resonant cavity formed by a 7-mm-long slowly
meandering coplanar waveguide, with the qubits separated by about 1.1 mm.
The red line depicts the voltage amplitude of the lowest l/2-mode. The
device was fabricated with standard optical lithography, producing Al/AlOx/
Al junctions on a sapphire substrate, using SiNx as an insulator between the
metallic layers. r.f., radio frequency. c, Lumped element equivalent circuit
near the l/2 resonance. The cavity has an effective inductance L < 580 pH
and capacitance C < 0.57 pF, and both qubits had roughly LA,B < 690 nH,
EA,B

J <45 K and CA,B
J <0:7 pF.
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In our experiments, which are in the resonant regime, a super-
conducting qubit playing the role of an artificial atom is strongly
coupled to photons contained in a coplanar waveguide resonator
in an architecture known as circuit QED9,15. We use a transmon25,26,
which is a charge-insensitive superconducting qubit design derived
from the Cooper-pair box27, as the artificial atom. Its transition fre-
quency is given by vge

!
2p<

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8ECEJ Wð Þ

p
, with the single electron

charging energy EC 5 0.4 GHz, the flux controlled Josephson energy
EJ(W) 5 EJ,maxjcos(pW/W0)j and EJ,max 5 53.5 GHz, as determined in
spectroscopic measurements (here W0 is the magnetic flux quantum).
The cavity is realized as a coplanar resonator with bare resonance
frequency nr 5 6.94 GHz and decay rate k/2p5 0.9 MHz. Optical
images of the sample are shown in Fig. 2a. The large dimension of
the qubit in the quasi-one-dimensional resonator layout provides a
very large dipole coupling strength gge. A simplified electrical circuit
diagram of the set-up is shown in Fig. 2b.

The system is prepared in its ground state jg, 0æ by cooling it to
temperatures below 20 mK in a dilution refrigerator. We then probe
the energies of the lowest doublet j16æ, measuring the cavity trans-
mission spectrum T and varying the detuning between the qubit
transition frequency nge and the cavity frequency nr by applying a
magnetic flux W (Fig. 3a). The measurement is performed with a weak
probe of power P < 2137 dBm applied to the input port of the res-
onator, populating it with a mean photon number of !nn < 1:6
on resonance when the qubit is maximally detuned from the res-
onator. P is calibrated in a dispersive a.c. Stark shift measurement28.
At half integers of W0, the qubit energy level separation nge approaches

zero. At this point, the bare resonator spectrum peaked at the fre-
quency nr is observed (Fig. 3b). We use the measured maximum
transmission amplitude to normalize the amplitudes in all subsequent
measurements. At all other detunings jDj? gge, the qubit dispersively

shifts25 the cavity frequency nr by x<{g 2
geEC

.
D D{ECð Þð Þ.

Measuring cavity transmission T as a function of flux bias W in the
anti-crossing region yields transmission maxima at frequencies cor-
responding to transitions to the first doublet j16æ in the Jaynes–
Cummings ladder (Fig. 3c). On resonance (D 5 0), we extract a
coupling strength of gge/2p5 154 MHz (Fig. 3d), where the linewidth
of the individual vacuum Rabi split lines is given by dn0 < 2.6 MHz.
This corresponds to a transmission peak separation gge/p of over 100
linewidths dn0, clearly demonstrating that strong coupling is rea-
lized9,29. Solid white lines in Fig. 3a, c (and Fig. 4a, c) are numerically
calculated dressed state frequencies with the qubit and resonator
parameters as stated above, and are in excellent agreement with the
data. For the calculation, the qubit hamiltonian is solved exactly in
the charge basis. The qubit states jgæ and jeæ and the flux dependent
coupling constant gge are then incorporated in the Jaynes–Cummings
hamiltonian, equation (1). Its numeric diagonalization yields the
dressed states of the coupled system without any fit parameters.

In our pump and probe scheme, we first determine spectroscopi-
cally the exact energies of the first doublet j16æ at a given flux W. We
then apply a pump tone at the fixed frequency ng0,12 or ng0,11 to
populate the respective first doublet state j16æ. A probe tone of the
same power is then scanned over the frequency range of the splitting.
This procedure is repeated for different flux controlled detunings.
The transmission at the pump and probe frequencies is spectrally
resolved in a heterodyne detection scheme.
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I

Figure 2 | Sample and experimental set-up. a, Top, optical image of the
superconducting coplanar waveguide resonator with the transmon type
superconducting qubit embedded at the position shown boxed. Bottom,
magnified view of boxed area, showing the qubit with dimensions
300 3 30mm2 close to the centre conductor. b, Simplified circuit diagram of
the experimental set-up, similar to the one used in ref. 9. The qubit at
temperature 20 mK is capacitively coupled to the resonator through Cg, and
the resonator, represented by a parallel LC circuit, is coupled to input and
output transmission lines via the capacitors Cin and Cout. Flux control is
realized with a current biased (I) coil close to the qubit. Microwave signal
generators for applying pump ng0,16 and measurement nrf tones are
indicated. Using ultralow-noise amplifiers at 1.5 K and a mixer at 300 K, the
transmitted microwave signal is down-converted with a local oscillator (LO)
and digitized with an analog-to-digital converter (ADC).
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Figure 3 | Vacuum Rabi mode splitting with a single photon. a, Measured
resonator transmission spectra versus normalized external flux bias, W/W0

(bottom axis) and corresponding bias current I applied to a superconducting
coil (top axis). Transmission T is colour coded: blue, low; red, high. The solid
white line shows dressed state energies as obtained numerically, and the
dashed lines indicate the bare resonator frequency nr as well as the qubit
transition frequency nge. b, Normalized resonator transmission T/Tmax at
W/W0 5 1/2, as indicated with arrows in a, with a lorentzian line fit in red.
c, Resonator transmission T versus W/W0 close to degeneracy. d, Vacuum
Rabi mode splitting at degeneracy, with lorentzian line fit in red.
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Of the various superconducting qubits, the Cooper pair box11 is
especially well suited for cavity QED because of its large effective
electric dipole moment d, which can be 104 times larger than in an
alkali atom and ten times larger than a typical Rydberg atom12. As
suggested in our earlier theoretical study12, the simultaneous com-
bination of this large dipole moment and the large vacuum field
strength—due to the small size of the quasi one-dimensional
transmission line cavity—in our implementation is ideal for reach-
ing the strong coupling limit of cavity QED in a circuit. Other solid-
state analogues of strong coupling cavity QED have been envisaged
in superconducting13–20, semiconducting21,22, and even micro-
mechanical systems23. First steps towards realizing such a regime
have been made for semiconductors21,24,25. To our knowledge, our
experiments constitute the first experimental observation of strong
coupling cavity QED with a single artificial atom and a single
photon in a solid-state system.

The on-chip cavity is made by patterning a thin superconducting
film deposited on a silicon chip. The quasi-one-dimensional co-
planar waveguide resonator26 consists of a narrow centre conductor
of length l and two nearby lateral ground planes, see Fig. 1a. Close to
its full-wave (l ¼ l) resonance frequency, qr ¼ 2pnr ¼ 1=

ffiffiffiffiffiffi
LC

p
¼

2p6:044GHz; where n r is the bare resonance frequency, the reso-
nator can bemodelled as a parallel combination of a capacitorC and
an inductor L (the internal losses are negligible). This simple
resonant circuit behaves as a harmonic oscillator described by the
hamiltonian H r ¼ "q r(a

†a þ 1/2), where ka†al¼ kn̂l¼ n is the
average photon number. At our operating temperature of
T , 100mK, much less than "q r/kB < 300mK, the resonator is
nearly in its ground state, with a thermal occupancy n , 0.06. The
vacuum fluctuations of the resonator give rise to a rootmean square
(r.m.s.) voltage V rms ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
"qr=2C

p
< 1mV on its centre conductor,

and an electric field between the centre conductor and the ground
plane that is a remarkable E rms < 0.2 Vm21, some hundred times
larger than in the three-dimensional cavities used in atomic micro-
wave cavity QED3. The large vacuum field strength results from the
extremely small effective mode volume (,1026 cubic wavelengths)
of the resonator12.
The resonator is coupled via two coupling capacitors C in/out, one

at each end (see Fig. 1b), to the input and output transmission lines
that allow its microwave transmission to be probed (see Fig. 2a–c).
The predominant source of dissipation is the loss of photons from
the resonator through these ports at a rate k ¼ q r/Q, whereQ is the
(loaded) quality factor of the resonator. The internal (uncoupled)
loss of the resonator is negligible (Q int < 106). Thus, the average
photon lifetime in the resonator Tr ¼ 1/k exceeds 100 ns, even for
our initial choice of a moderate quality factor Q < 104.
The Cooper pair box (CPB) consists of a several micrometre long

and submicrometre wide superconducting island which is coupled
via two submicrometre size Josephson tunnel junctions to a much
larger superconducting reservoir, and is fabricated in the gap
between the centre conductor and the ground plane of the resonator,
at an antinode of the field (see Fig. 1c). The CPB is a two-state
system described by the hamiltonian13 Ha ¼2ðEeljx þ EJjzÞ=2,
where Eel ¼ 4ECð12 ngÞ is the electrostatic energy and EJ ¼
EJ;maxcosðpFbÞ is the Josephson energy. The overall energy scales
of these terms, the charging energy EC and the Josephson energy
E J,max, can be readily engineered during the fabrication by the
choice of the total box capacitance and resistance respectively, and
then further tuned in situ by electrical means. A gate voltage Vg

applied to the input port (see Fig. 2a), induces a gate charge ng ¼
VgCg*=e that controls E el, where Cg* is the effective capacitance
between the input port of the resonator and the island of the CPB. A
flux bias Fb ¼ F/F0, applied with an external coil to the loop of the
box, controls E J. Denoting the ground state of the box as j # l and the
first excited state as j " l (see Fig. 2d), we have a two-level system
whose energy separation Ea ¼ "q a can be widely varied as shown in
Fig. 3c. Coherence of the CPB is limited by relaxation from the
excited state at a rate g1, and by fluctuations of the level separation
giving rise to dephasing at a rate gJ, for a total decoherence rate
g ¼ g1/2 þ gJ (ref. 13).
The Cooper pair box couples to photons stored in the resonator

by an electric dipole interaction, via the coupling capacitance Cg.
The vacuum voltage fluctuations Vrms on the centre conductor of
the resonator change the energy of a Cooper pair on the box island
by an amount "g ¼ dE0 ¼ eVrmsCg/CS. We have shown12 that this
coupled system is described by the Jaynes–Cummings hamiltonian
H JC ¼ H r þ H a þ "g(a †j2 þ ajþ), where jþ (j2) creates
(annihilates) an excitation in the CPB. It describes the coherent
exchange of energy between a quantized electromagnetic field and a
quantum two-level system at a rate g/2p, which is observable if g is
much larger than the decoherence rates g and k. This strong
coupling limit3 g . [g, k] is achieved in our experiments. When
the detuning D ¼ q a 2 q r is equal to zero, the eigenstates of the
coupled system are symmetric and antisymmetric superpositions
of a single photon and an excitation in the CPB j^ l¼ ðj0; " l^
j1; # lÞ=

ffiffiffi
2

p
with energies E^ ¼ "(q r ^ g). Although the cavity

and the CPB are entangled in the eigenstates j ^ l, their
entangled character is not addressed in our current cavity QED
experiment which spectroscopically probes the energies E^ of the
coherently coupled system.
The strong coupling between the field in the resonator and the

CPB can be used to perform a quantum nondemolition (QND)
measurement of the state of the CPB in the non-resonant (dis-
persive) limit jDj.. g: Diagonalization of the coupled quantum
system leads to the effective hamiltonian12:

H < " qr þ
g2

D
jz

" #
a†aþ 1

2
" qa þ

g2

D

" #
jz

Figure 1 Integrated circuit for cavity QED. a, The superconducting niobium coplanar

waveguide resonator is fabricated on an oxidized 10 £ 3mm2 silicon chip using optical

lithography. The width of the centre conductor is 10 mm separated from the lateral ground

planes extending to the edges of the chip by a gap of width 5 mm resulting in a wave

impedance of the structure of Z ¼ 50Q being optimally matched to conventional

microwave components. The length of the meandering resonator is l ¼ 24mm. It is

coupled by a capacitor at each end of the resonator (see b) to an input and output feed
line, fanning out to the edge of the chip and keeping the impedance constant. b, The
capacitive coupling to the input and output lines and hence the coupled quality factor Q is

controlled by adjusting the length and separation of the finger capacitors formed in the

centre conductor. c, False colour electron micrograph of a Cooper pair box (blue)
fabricated onto the silicon substrate (green) into the gap between the centre conductor

(top) and the ground plane (bottom) of a resonator (beige) using electron beam lithography

and double angle evaporation of aluminium. The Josephson tunnel junctions are formed

at the overlap between the long thin island parallel to the centre conductor and the fingers

extending from the much larger reservoir coupled to the ground plane.
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2.2 mm

0.2 mm

32 mm

a b

c

Figure 2 | Cavity lattice for quantum simulation. a, More than two hundred
7 GHz microwave cavities are coupled in a Kagome lattice, a natural
two-dimensional lattice for these long, one-dimensional structures. To
provide the necessary photon–photon interaction, qubits must be added to
each cavity using an additional lithography layer. b, Each individual
transmission-line cavity is nearly 10 mm long and only 20 µm across, and is
folded to pack cavities densely on a chip. c, At each end, the cavities are
capacitively coupled to two neighbours, enabling photon hopping. The
symmetry of this three-way capacitor ensures uniform hopping rates
throughout the array. (Device image: courtesy of D. Underwood and
A. A. Houck.)

As qubits and cavities are made lithographically, it is possible to
fabricate large arrays to observe many-body physics of interacting
polaritons. With a 32mm⇥32mm sample, it is feasible to couple
over 200 cavities in a two-dimensional lattice. This number can
easily be extended to more than 1,000 cavities on a full two-
inch wafer. Disorder in the cavities alone can be small, on the
order of a few parts in 104, because each cavity is ⇠1 cm long
and optical lithography is typically precise to the level of only
a few micrometres. Preliminary experimental work suggests that
this is indeed feasible (A. A. Houck, private communication).
The geometry of transmission-line cavities also dictates the types
of lattice that are natural. Each ‘site’ in a simple lattice is
essentially two-dimensional, with two distinct endpoints where
photons may enter. The real-space sketch of a resonator lattice,

depicting resonators as a line segment, is thus the dual, or line
graph of the actual lattice. The 200-cavity sample in Fig. 2,
for instance, is an array of resonators forming a honeycomb
pattern. The resulting lattice is the kagome lattice (of which the
honeycomb lattice is the line graph). Qubits, not yet included
in the sample of Fig. 2, can be added in a further step of
electron-beam lithography. Without individual tunability of qubit
frequencies, disorder in qubit parameters must be expected
to be larger than cavity disorder. However, because a strong
photon–photon interaction can be realized when qubits are far
off resonance, the effects of this disorder will be mitigated,
and many-body behaviour could potentially be observed using
only global control54.

From a theoretical standpoint, the infinite-system limit is
particularly appealing owing to the availability of tools that are
appropriate for large systems, ranging from ‘pedestrian’ mean-field
theory to powerful methods such as variational cluster techniques.
Depending on the specific method, approximate—and sometimes
exact—results can be obtained that reveal important properties of
the ground state, the elementary excitations, or relevant correlation
functions. The paradigmatic model exhibiting a quantum phase
transition akin to the superfluid–Mott insulator transition in the
Bose–Hubbard model2,73 is the Jaynes–Cummings lattice with
nearest-neighbour photon hopping (at rate ):

H =
X

j

H JC
j �

X

hi,ji
(a†

j ai +a†
i aj) (1)

Despite the apparent lack of interaction terms such as (a†
j aj)2,

the Jaynes–Cummings lattice is an interacting model equivalent
to a Bose–Hubbard-like model with two species of bosons, one of
which has an infinite Hubbard parameterU !1 to reproduce the
pseudo-spin 1/2. Analogous to the Bose–Hubbard model, the key
physics of the Jaynes–Cummings lattice consists of the competition
between polariton delocalization, induced by photon hopping,
and on-site interaction, which tends to freeze out hopping and
localize polaritons.

For an array of equivalent cavities, the Jaynes–Cummings lattice
described by equation (2) has a global U (1) symmetry, so that the
total polariton number N = P

j(a
†
j aj + �+

j ��
j ) is conserved. It is

convenient to employ a grand-canonical description, where the
Hamiltonian is replaced by H = H � µN , where µ denotes the
chemical potential, although experimental procedures for realizing
such an effective chemical potential will need to be developed.
Much of the qualitative physics contained in the Jaynes–Cummings
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Figure 3 | Superfluid-to-Mott-insulator transition in the Jaynes–Cummings lattice. Polaritons in an infinite lattice of Jaynes–Cummings sites with
nearest-neighbour photon hopping can undergo a quantum phase transition from a compressible superfluid (SF) phase to Mott insulating (MI) phases
with integer polariton number n on each site. a, The critical region can be accessed by tuning the photon hopping  , the qubit–resonator detuning �, or the
chemical potential µ (here denoted as µ0 = µ�!

r

). b, The transition follows the universality class of the Bose–Hubbard model, including the characteristic
switch of the dynamic critical exponent at the multicritical points located at the tips of each lobe. c, Within the canonical ensemble, the total polariton
number remains fixed, Mott lobes reduce to line segments at integer filling factor in the phase diagram.
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Elements of superconducting qubits

• Loops: magnetic flux quantization	
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Elementos dos qubits supercondutores

• Josephson junction: non-linear inductor

i~ ̇1 = E1 + � 2

i~ ̇2 = E2 + �⇤ 1

'̇ = �2eV
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Josephson effect:  tunneling current
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Superconducting quantum interference device 
(SQUID)

• Dynamics

(Voss and Webb, 1981; Martinis et al., 1987; Clarke
et al., 1988; Rouse et al., 1985). Another important quan-
tum effect has been reported recently: The groups at
Stony Brook (Friedman et al., 2000) and Delft (van der
Wal et al., 2000) have observed in experiments the
avoided level crossing due to coherent tunneling of the
flux in a double-well potential. In principle, all other
manipulations discussed in the previous section should
be possible with Josephson flux devices as well. They
have the added advantage of not being sensitive to fluc-
tuations in the background charges. However, attempts
to observe macroscopic quantum coherent oscillations in
Josephson flux devices have not been yet successful
(Leggett, 1987; Tesche, 1990).

A. Josephson flux (persistent current) qubits

We consider superconducting ring geometries inter-
rupted by one or several Josephson junctions. In these
systems persistent currents flow and magnetic fluxes are
enclosed. The simplest design of these devices is an rf
SQUID, which is formed by a loop with one junction, as
shown in Fig. 9(a). The phase difference across the junc-
tion is related to the flux ! in the loop (in units of the
flux quantum !0!h/2e) by "/2#!!/!0"integer. An
externally applied flux !x biases the system. Its Hamil-
tonian, with Josephson coupling, charging energy, and
magnetic contributions taken into account, thus reads

H!#EJ cos! 2#
!

!0
""

$!#!x%
2

2L
"

Q2

2CJ
. (3.1)

Here L is the self-inductance of the loop and CJ the
capacitance of the junction. The charge Q!#i&'/'!
on the leads is canonically conjugate to the flux !.

If the self-inductance is large, such that (L
)EJ /(!0

2/4#2L) is larger than 1 and the externally ap-
plied flux !x is close to !0/2, the first two terms in the
Hamiltonian form a double-well potential near !
!!0/2. At low temperatures only the lowest states in
the two wells contribute. Hence the reduced Hamil-
tonian of this effective two-state system again has the
form (2.3), Hctrl!# 1

2 Bz*̂z# 1
2 Bx*̂x . The diagonal term

Bz is the bias, i.e., the asymmetry of the double-well
potential, given for (L#1$1 by

Bz$!x%!4#!6$(L#1 % EJ $!x /!0#1/2%. (3.2)

Bz can be tuned by the applied flux !x . The off-
diagonal term Bx describes the tunneling amplitude be-
tween the wells, which depends on the height of the bar-
rier and thus on EJ . This Josephson energy, in turn, can
be controlled if the junction is replaced by a dc SQUID,
as shown in Fig. 9(b), introducing the flux !̃x as another
control variable.8 With these two external control pa-
rameters the elementary single-bit operations, i.e., z and
x rotations, can be performed, equivalent to the manipu-
lations described for charge qubits in the previous sec-
tion. In addition, for flux qubits we can either perform
the operations by sudden switching of the external fluxes
!x and !̃x for a finite time, or we can use ac fields and
resonant pulses. To permit coherent manipulations the
parameter (L should be chosen larger than unity (so
that two wells with well-defined levels appear) but not
much larger, since the resulting large separation of the
wells would suppress the tunneling.

The rf SQUID described above had been discussed in
the mid 1980s as a realization of a two-state quantum
system. Some features of macroscopic quantum behav-
ior were demonstrated, such as macroscopic quantum
tunneling of the flux, resonant tunneling, and level quan-
tization (Voss and Webb, 1981; Martinis et al., 1987;
Clarke et al., 1988; Rouse et al., 1995; Silvestrini et al.,
1997). However, only very recently has the level repul-
sion near a degeneracy point been demonstrated (Fried-
man et al., 2000; van der Wal et al., 2000).

The group at Stony Brook (Friedman et al., 2000)
probed spectroscopically the superposition of excited
states in different wells. The rf SQUID used had self-
inductance L!240 pH and (L!2.33. A substantial
separation of the minima of the double-well potential
(of order !0) and a high interwell barrier made the tun-
nel coupling between the lowest states in the wells neg-
ligible. However, both wells contain a set of higher lo-
calized levels—under suitable conditions one state in
each well—with relative energies also controlled by !x

and !̃x . Because they were closer to the top of the bar-
rier, these states mixed more strongly and formed eigen-
states, which were superpositions of localized flux states
from different wells. External microwave radiation was
used to pump the system from a well-localized lowest
state in one well to one of these eigenstates. The energy
spectrum of these levels was studied for different biases
!x , !̃x , and the properties of the model (3.1) were con-
firmed. In particular, the level splitting at the degen-
eracy point indicated a superposition of distinct quan-
tum states. They differed in a macroscopic way: the
authors estimated that the two superimposed flux states
differed in flux by !0/4, in current by 2–3 +A, and in
magnetic moment by 1010+B .

8See Mooij et al. (1999) for suggestions on how to control !̃x
independent of !x .

FIG. 9. The simplest flux qubits: (a) The rf SQUID, a simple
loop with a Josephson junction, forms the simplest Josephson
flux qubit; (b) improved design for a flux qubit. The flux !̃x in
the smaller loop controls the effective Josephson coupling of
the rf SQUID.
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are canonically conjugate, as expressed by the commutator bracket 
[δ, Q] = i2e. The fact that δ and Q are subject to Heisenberg’s uncertainty 
principle has far-reaching consequences. On the one hand, when Ej >> Ec, 
δ is well defined, and Q has large quantum fluctuations; therefore, the 
Josephson behaviour of the junction dominates. On the other hand, when 
Ej << Ec, N is well defined, and δ has large quantum fluctuations; there-
fore, the charging behaviour of the capacitor dominates. Using these ideas, 
the parameters of superconducting quantum circuits can be designed3.

The first evidence of quantum behaviour in a Josephson junction 
came from experiments in which macroscopic quantum tunnelling 
was found to occur and energy levels were shown to be quantized. 
In macro scopic quantum tunnelling4,5, the junction tunnels from the 
ground state !0〉 (Box 1 figure), when I < I0, through the potential barrier 
that separates it from its neighbouring energy well, which is at a lower 
energy. Then, the particle runs freely down the washboard potential, 

generating a voltage 2∆s/e that is readily detected. These results5 were 
found to be in strong agreement with theory 6. Energy quantization7

 
was 

found in the initial well by irradiating the junction with microwaves. The 
escape rate from the zero-voltage state was increased when the micro-
wave frequency fm corresponded to the energy difference between two 
adjacent energy levels. A crucial point is that the anharmonic nature 
of the well, which results from the nonlinear inductance of Josephson 
junctions (equation (6), Box 1), causes the energy spacing to decrease 
as the quantum number progressively increases, so each transition has 
a distinct frequency. If the well were harmonic, the energy spacings 
would be identical, and the quantum case would not be distinguishable 
from the classical case.

These experiments showed unequivocally that δ is a quantum vari-
able. The next step in the demonstration of macroscopic quantum 
physics was to implement devices showing the superposition of two 
quantum states !Ψ1〉 and !Ψ2〉 in the form !Ψ〉 = α!Ψ1〉 + β!Ψ2〉, as first 
proposed by Anthony Leggett8 in the 1980s in his discussion of macro-
scopic quantum coherence in superconducting devices. In 1997, 
Yasunobu Nakamura et al.9 carried out the first such experiment on 
a charge qubit, showing spectroscopically the superposition of the 
Cooper-pair states !n〉 and !n + 1〉, where the integer n is the quantum 
number specifying the number of Cooper pairs. Subsequently, in 2000, 
Jonathan Friedman et al.10 and Caspar van der Wal et al.11 showed the 
superposition of states in a flux qubit. A flux qubit consists of a super-
conducting loop interrupted by one10 or three11 Josephson junctions. 
The two quantum states are flux pointing up and flux pointing down 
or, equivalently, supercurrent flowing in an anticlockwise direction 
and supercurrent flowing in a clockwise direction. In 2002, Denis Vion 
et al.12 described ‘quantronium’, a qubit in which two small junctions are 
connected by a superconducting island, involving the superposition of 
the Cooper-pair states !n〉 and !n + 1〉. Also in 2002, John Martinis et al.13 
demonstrated a phase qubit, a reinvention of the device used earlier 
to observe quantized energy levels7. The relevant quantum states are 
the ground state and the first excited state. Some of the experimental 
difficulties encountered when operating superconducting qubits are 
described in Box 2.

Flux qubits
A flux qubit, as indicated earlier, consists of a superconducting loop 
interrupted by one10 or three11 Josephson junctions (Fig. 1a). Although 
both designs function similarly, we focus on the three-junction design, 
which has been adopted more widely. In this device, one junction is 
smaller in area and thus has a smaller critical current than the other two, 
which function to increase the inductance of the loop. The small junc-
tion has a large value for Ej/Ec, typically 50, so the phase difference δ (or, 
equivalently, the magnetic flux Φ in the loop) is the relevant quantum 
variable. The two quantum states are magnetic flux pointing up !    〉 
and magnetic flux pointing down !    〉 or, equivalently, anticlockwise 
qubit supercurrent Iq circulating in the loop and clockwise supercurrent. 
The qubit is represented by a double-well potential, which is generally 
asymmetrical. The two states are coupled by the quantum-mechanical 
tunnelling of δ through the barrier separating the wells, giving rise to 
the superposition of the two basis states 

 !Ψ〉 = α!    〉 ± β!    〉 (3)

When the externally applied magnetic flux Φe = Φ0/2, the double-well 
potential becomes symmetrical (Fig. 1b), and the two eigenfunctions 
become symmetrical and antisymmetrical superpositions of the two 
basis states, with α = β = 1/√2. At this degeneracy point, the splitting of 
the energy levels of the ground state !0〉 and the first excited state !1〉 is ∆; 
away from the degeneracy point, the energy difference is

 ν = (∆2 + ε2)1/2 (4)

where ε = 2Iq(Φe − Φ0/2) (Fig. 1c). The probabilities of observing the 
states !    〉 and !    〉 in the ground and first excited states as a function 

Equations (1) and (2) contain the crucial information that the Josephson 
junction is a dissipationless device with a nonlinear inductance. It is 
these unique features that make the junction the primitive building 
block of all superconducting qubits. 

The nonlinear inductance is easily deduced by noting that the time 
derivative of equation (1) yields I

.
 = (I0cosδ)δ

.
 = (I0cosδ)ω = V(2eI0/#)cosδ 

from equation (2). Invoking Faraday’s law V = −LI
.
 (where L is the 

inductance) then leads to the Josephson inductance

 !Lj! = Φ0/(2πI0cosδ) = Φ0/2π(I0
2 − I2)1/2 (where I < I0) (6)

The Josephson junction, denoted by an X in panel a of the figure, has 
an intrinsic capacitance C; this combination is often denoted by an 
X in a box. I0 denotes the critical current. It is immediately apparent 
from equation (6) that the junction is also a nonlinear oscillator with a 
resonant angular frequency ωp(I) = (LjC)−1/2 = (2πI0/Φ0C)1/2/(1 − I2/I0

2)1/4.
Considerable insight into the dynamics of a Josephson junction 

can be gleaned by considering the flow of a current J through the 
junction: J = I0sinδ + CV

.
. Writing V

.
 = (#/2e)δ

..
 and rearranging this 

yields (#C/2e)δ
..
 = I − I0sinδ = −(2e/#)∂U/∂δ. U ≡ −(Φ0/2π)∂U/∂δ is 

the potential of a tilted washboard for a particle of mass #C/2e (as 
illustrated in panel b of the figure). In the absence of fluctuations, 
for I < I0 the particle remains trapped in one of the potential wells; 
classically, it oscillates in the well at the plasma oscillation frequency 
ωp(I)/2π. Thus, 〈δ

.
〉 = 0, and the junction is in the zero-voltage state; in 

the quantum picture, the energy in the well is quantized, as shown in the 
inset (figure, panel b). By contrast, when I is increased so that I > I0, the 
particle runs down the washboard, 〈δ

.
〉 > 0, and there is a voltage across 

the junction. When I is subsequently reduced so that I < I0, the particle 
will continue to propagate until I is close to 0. Thus, the current–voltage 
characteristic is hysteretic.

Box 1 | The Josephson junction as a nonlinear circuit element
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Superconducting qubits

• Hamiltonian:
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are canonically conjugate, as expressed by the commutator bracket 
[δ, Q] = i2e. The fact that δ and Q are subject to Heisenberg’s uncertainty 
principle has far-reaching consequences. On the one hand, when Ej >> Ec, 
δ is well defined, and Q has large quantum fluctuations; therefore, the 
Josephson behaviour of the junction dominates. On the other hand, when 
Ej << Ec, N is well defined, and δ has large quantum fluctuations; there-
fore, the charging behaviour of the capacitor dominates. Using these ideas, 
the parameters of superconducting quantum circuits can be designed3.

The first evidence of quantum behaviour in a Josephson junction 
came from experiments in which macroscopic quantum tunnelling 
was found to occur and energy levels were shown to be quantized. 
In macro scopic quantum tunnelling4,5, the junction tunnels from the 
ground state !0〉 (Box 1 figure), when I < I0, through the potential barrier 
that separates it from its neighbouring energy well, which is at a lower 
energy. Then, the particle runs freely down the washboard potential, 

generating a voltage 2∆s/e that is readily detected. These results5 were 
found to be in strong agreement with theory 6. Energy quantization7

 
was 

found in the initial well by irradiating the junction with microwaves. The 
escape rate from the zero-voltage state was increased when the micro-
wave frequency fm corresponded to the energy difference between two 
adjacent energy levels. A crucial point is that the anharmonic nature 
of the well, which results from the nonlinear inductance of Josephson 
junctions (equation (6), Box 1), causes the energy spacing to decrease 
as the quantum number progressively increases, so each transition has 
a distinct frequency. If the well were harmonic, the energy spacings 
would be identical, and the quantum case would not be distinguishable 
from the classical case.

These experiments showed unequivocally that δ is a quantum vari-
able. The next step in the demonstration of macroscopic quantum 
physics was to implement devices showing the superposition of two 
quantum states !Ψ1〉 and !Ψ2〉 in the form !Ψ〉 = α!Ψ1〉 + β!Ψ2〉, as first 
proposed by Anthony Leggett8 in the 1980s in his discussion of macro-
scopic quantum coherence in superconducting devices. In 1997, 
Yasunobu Nakamura et al.9 carried out the first such experiment on 
a charge qubit, showing spectroscopically the superposition of the 
Cooper-pair states !n〉 and !n + 1〉, where the integer n is the quantum 
number specifying the number of Cooper pairs. Subsequently, in 2000, 
Jonathan Friedman et al.10 and Caspar van der Wal et al.11 showed the 
superposition of states in a flux qubit. A flux qubit consists of a super-
conducting loop interrupted by one10 or three11 Josephson junctions. 
The two quantum states are flux pointing up and flux pointing down 
or, equivalently, supercurrent flowing in an anticlockwise direction 
and supercurrent flowing in a clockwise direction. In 2002, Denis Vion 
et al.12 described ‘quantronium’, a qubit in which two small junctions are 
connected by a superconducting island, involving the superposition of 
the Cooper-pair states !n〉 and !n + 1〉. Also in 2002, John Martinis et al.13 
demonstrated a phase qubit, a reinvention of the device used earlier 
to observe quantized energy levels7. The relevant quantum states are 
the ground state and the first excited state. Some of the experimental 
difficulties encountered when operating superconducting qubits are 
described in Box 2.

Flux qubits
A flux qubit, as indicated earlier, consists of a superconducting loop 
interrupted by one10 or three11 Josephson junctions (Fig. 1a). Although 
both designs function similarly, we focus on the three-junction design, 
which has been adopted more widely. In this device, one junction is 
smaller in area and thus has a smaller critical current than the other two, 
which function to increase the inductance of the loop. The small junc-
tion has a large value for Ej/Ec, typically 50, so the phase difference δ (or, 
equivalently, the magnetic flux Φ in the loop) is the relevant quantum 
variable. The two quantum states are magnetic flux pointing up !    〉 
and magnetic flux pointing down !    〉 or, equivalently, anticlockwise 
qubit supercurrent Iq circulating in the loop and clockwise supercurrent. 
The qubit is represented by a double-well potential, which is generally 
asymmetrical. The two states are coupled by the quantum-mechanical 
tunnelling of δ through the barrier separating the wells, giving rise to 
the superposition of the two basis states 

 !Ψ〉 = α!    〉 ± β!    〉 (3)

When the externally applied magnetic flux Φe = Φ0/2, the double-well 
potential becomes symmetrical (Fig. 1b), and the two eigenfunctions 
become symmetrical and antisymmetrical superpositions of the two 
basis states, with α = β = 1/√2. At this degeneracy point, the splitting of 
the energy levels of the ground state !0〉 and the first excited state !1〉 is ∆; 
away from the degeneracy point, the energy difference is

 ν = (∆2 + ε2)1/2 (4)

where ε = 2Iq(Φe − Φ0/2) (Fig. 1c). The probabilities of observing the 
states !    〉 and !    〉 in the ground and first excited states as a function 

Equations (1) and (2) contain the crucial information that the Josephson 
junction is a dissipationless device with a nonlinear inductance. It is 
these unique features that make the junction the primitive building 
block of all superconducting qubits. 

The nonlinear inductance is easily deduced by noting that the time 
derivative of equation (1) yields I

.
 = (I0cosδ)δ

.
 = (I0cosδ)ω = V(2eI0/#)cosδ 

from equation (2). Invoking Faraday’s law V = −LI
.
 (where L is the 

inductance) then leads to the Josephson inductance

 !Lj! = Φ0/(2πI0cosδ) = Φ0/2π(I0
2 − I2)1/2 (where I < I0) (6)

The Josephson junction, denoted by an X in panel a of the figure, has 
an intrinsic capacitance C; this combination is often denoted by an 
X in a box. I0 denotes the critical current. It is immediately apparent 
from equation (6) that the junction is also a nonlinear oscillator with a 
resonant angular frequency ωp(I) = (LjC)−1/2 = (2πI0/Φ0C)1/2/(1 − I2/I0

2)1/4.
Considerable insight into the dynamics of a Josephson junction 

can be gleaned by considering the flow of a current J through the 
junction: J = I0sinδ + CV

.
. Writing V

.
 = (#/2e)δ

..
 and rearranging this 

yields (#C/2e)δ
..
 = I − I0sinδ = −(2e/#)∂U/∂δ. U ≡ −(Φ0/2π)∂U/∂δ is 

the potential of a tilted washboard for a particle of mass #C/2e (as 
illustrated in panel b of the figure). In the absence of fluctuations, 
for I < I0 the particle remains trapped in one of the potential wells; 
classically, it oscillates in the well at the plasma oscillation frequency 
ωp(I)/2π. Thus, 〈δ

.
〉 = 0, and the junction is in the zero-voltage state; in 

the quantum picture, the energy in the well is quantized, as shown in the 
inset (figure, panel b). By contrast, when I is increased so that I > I0, the 
particle runs down the washboard, 〈δ

.
〉 > 0, and there is a voltage across 

the junction. When I is subsequently reduced so that I < I0, the particle 
will continue to propagate until I is close to 0. Thus, the current–voltage 
characteristic is hysteretic.

Box 1 | The Josephson junction as a nonlinear circuit element
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Flux qubit

• Quantum dynamics

versus applied flux are shown in Fig. 2b for a succession of microwave fre-
quencies. As expected, the difference in the applied flux at which the peaks 
and dips appear, 2∆Φres, becomes greater as the microwave frequency 
increases. The microwave frequency versus ∆Φres is shown in Fig. 2c. 
The data have been fitted to equation (4) with Iq = (½)dν/dΦe in the limit 
ν >> ∆, using ∆ as a fitting parameter. The data reveal the existence of an 
anticrossing (that is, an avoided crossing) at Φe = Φ0/2.

Charge qubits
A charge qubit (also known as a Cooper-pair box) is shown in Fig. 3a, b. 
The key component is a tiny superconducting island that is small 
enough that the electrostatic charging energy required to place a charge 

of 2e on the island at zero voltage, (2e)2/2CΣ, is much greater than the 
thermal energy kBT (where CΣ = Cg + Cj is the total capacitance). For 
T = 1 K, this requires CΣ to be much less than 1 fF. The Cooper-pair box 
is connected to ground by a gate capacitance Cg in series with a potential 
Vg and by a small Josephson junction with Ej << Ec. Given their weak 
connection to the ‘outside world’, the number of Cooper pairs on the 
island is a discrete variable n. The qubit states correspond to adjacent 
Cooper-pair number states !n〉 and !n + 1〉.

To understand how to control a single Cooper pair, it is useful to first 
examine the electrostatic problem with an infinite junction resistance 
(Ej = 0). The total electrostatic energy of the circuit is Ech = (2e2/Cg)(n − ng)2, 
where ng = CgVg/2e (representing the gate voltage in terms of the gate 
charge, namely the polarization charge that the voltage induces on the 
gate capacitor). Although n is an integer, ng is a continuous variable. Ech 
versus ng is shown in Fig. 3c for several values of n. It should be noted that 
the curves for n and n + 1 cross at ng = n + ½, the charge degeneracy point. 
At this point, the gate polarization corresponds to half a Cooper pair for 
both charge basis states.

By restoring the Josephson coupling to a small value, the behaviour 
close to these crossing points is modified. The Josephson junction 
allows Cooper pairs to tunnel onto the island one by one. The result-
ant coupling between neighbouring charge states !n〉 and !n + 1〉 makes 
the quantum superposition of charge eigenstates analogous to the 
superposition of flux states in equation (3) (identifying !    〉 = !n〉 and 
!    〉 = !n + 1〉). The next excited charge state is higher in energy by Ec 
and can safely be neglected. At the charge degeneracy point, where the 
Josephson coupling produces an avoided crossing, the symmetrical and 
antisymmetrical superpositions are split by an energy Ej. By contrast, 
far from this point, Ec >> Ej, and the eigenstates are very close to being 
charge states. Again, the energy level structure is analogous to that of 
flux qubits, with ∆ replaced with Ej and ε with Ec × (ng − n − ½). Similarly, 
the probabilities of measuring the ground state or excited state depend 
on the gate voltage rather than the applied flux. 

To make the qubit fully tunable, the Josephson junction is usually 
replaced by a d.c. SQUID with low inductance (βL << 1). Ej is then 
adjusted by applying the appropriate magnetic flux, which is kept con-
stant throughout the subsequent measurements.

The read-out of a charge qubit involves detecting the charge on the 
island to a much greater accuracy than 2e. This is accomplished by using 
a single-electron transistor (SET), a sensitive electrometer16. The SET 
(Fig. 3d), also based on a tiny island, is connected to two superconduct-
ing leads by two Josephson junctions. When the voltages across both 
junctions are close to the degeneracy point (ng = n + ½), charges cross 
the junctions to produce a net current flow through the SET. Thus, the 
current near the degeneracy points depends strongly on the gate volt-
age (Fig. 3c). Capacitively coupling the Cooper-pair-box island to the 
SET island makes a contribution to the SET gate voltage so that the SET 
current strongly depends on the Cooper-pair-box state. This scheme 
converts the measurement of charge into a measurement of charge trans-
port through a SET. In fact, for small Josephson junctions, this charge 
transport is usually dissipative, because the phase coherence is destroyed 
by environmental fluctuations. Thus, the read-out actually involves 
measuring the resistance of the SET, which depends on the state of the 
Cooper-pair box. The preferred read-out device is a radio-frequency 
SET17, in which a SET is embedded in a resonant circuit. Thus, the Q 
of the resonant circuit is determined by the resistance of the SET and 
ultimately by the charge on the Cooper-pair box. A pulse of microwaves 
slightly detuned from the resonant frequency is applied to the radio-
frequency SET, and the phase of the reflected signal enables the state of 
the qubit to be determined. 

Many of the initial studies of superconducting qubits involved charge 
qubits. That crossing is avoided at the degeneracy point was first shown 
spectroscopically by studying a charge qubit9, and charge measurements 
revealed the continuous, quantum-rounded form of the transition 
between quantum states18. The coherent oscillations that occur with 
time at this avoided energy-level crossing were also first discovered by 
studying a charge qubit19.

Figure 2 | Experimental properties of flux qubits. a, The configuration of the 
original three-junction flux qubit is shown. Arrows indicate the current flow 
in the two qubit states (green denotes !    〉, and yellow denotes !    〉). Scale bar, 
3 μm. (Image courtesy of C. H. van der Wal, Rijksuniversiteit Groningen, 
the Netherlands). b, Radiation of microwave frequency fm induces resonant 
peaks and dips in the switching current Isw with respect to the externally 
applied magnetic flux Φe normalized to the flux quantum Φ0. Frequencies 
range from 9.711 GHz to 0.850 GHz. Tick marks on the y axis show steps 
of 0.4 nA. (Panel reproduced, with permission, from ref. 15.) c, Microwave 
frequency fm is plotted against half of the separation in magnetic flux, 
∆Φres, between the peak and the dip at each frequency. The line is a linear 
fit through the data at high frequencies and represents the classical energy. 
The inset is a magnified view of the lower part of the graph; the curved line 
in the inset is a fit to equation (4). The deviation of the data points from the 
straight line demonstrates quantum coherence of the !    〉 and !    〉 flux states. 
(Panel reproduced, with permission, from ref. 15.)
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of Φe are shown in Fig. 1d. At the degeneracy point, the probability of 
observing either state is ½. As Φe is reduced, the probability of observing 
!    〉 increases while that of observing !    〉 decreases.

The first observation of quantum superposition in a flux qubit was 
made spectroscopically. The state of the flux qubit is measured with 
a d.c. superconducting quantum interference device (SQUID)14. This 
device consists of two Josephson junctions, each with critical current I0, 
connected in parallel on a superconducting loop of inductance L. The 
critical current of the SQUID Ic(Φs) is periodic in the externally applied 
magnetic flux Φs with period Φ0. In the limit βL ≡ 2LI0/Φ0 << 1 in which 
the Josephson inductance dominates the geometrical inductance, the 
critical current for Φs = (m + ½)Φ0 (m is an integer) is reduced to almost 
zero, and the flux dependence of the critical current takes the approxi-
mate form14 Ic(Φs) ≈ 2I0!cos(πΦs/Φ0)!. Thus, by biasing the SQUID with a 
constant magnetic flux near Φ0/2, and measuring the critical current, the 
changes in flux produced by a nearby qubit can be measured with high 
sensitivity. In most experiments with qubits, a pulse of current is applied 
to the SQUID, which either remains in the zero-voltage state or makes 
a transition to the voltage state, producing a voltage 2∆s/e. Because its 
current–voltage characteristic is hysteretic, the SQUID remains at this 
voltage until the current bias has been removed, allowing researchers 
to determine whether the SQUID has switched. For sufficiently small 
current pulses, the probability of the SQUID switching is zero, whereas 
the probability is one for sufficiently large pulses. The switching event 
is a stochastic process and needs to be repeated many times for the flux 
in the SQUID to be measured accurately.

The first step in spectroscopic observation of quantum superposition is 
to determine the height of the current pulse at which the SQUID switches 
— with, for example, a probability of ½ — as a function of Φe over a narrow 
range (perhaps ± 5mΦ0). Subsequently, a pulse of microwave flux is applied 
at frequency fm, which is of sufficient amplitude and duration to equalize 
the populations of the ground state and first excited state when the energy-
level splitting difference ν = hfm. Assuming that !    〉 is measured, then, on 
resonance, there will be a peak in the switching probability for Φe < Φ0/2 
and a corresponding dip for Φe > Φ0/2. An example of these results11,15 is 
shown in Fig. 2. The configuration of the qubit and the SQUID is shown 
in Fig. 2a, and the peaks and dips in the amplitude of the switching current 

Experiments on superconducting qubits are challenging. Most 
superconducting qubits are created by using electron-beam 
lithography, need millikelvin temperatures and an ultralow-noise 
environment to operate, and can be studied only by using very sensitive 
measurement techniques. 

Superconducting qubits generally require Josephson junctions 
with dimensions of the order of 0.1 × 0.1 µm2 — corresponding to a 
self-capacitance of about 1 fF — and are patterned by using shadow 
evaporation and electron-beam lithography79; an exception is the phase 
qubit, which typically has a junction of 1 × 1 µm2

 
and can be patterned 

photolithographically. The Josephson junctions are usually Al–AlxOy–Al 
(where x ≤ 2 and y ≤ 3), and the oxidation must be controlled to yield 
relatively precise values of Ej and Ec. Because qubit frequencies are 
usually 5–10 GHz (which corresponds to 0.25–0.5 K), the circuits are 
operated in dilution refrigerators, typically at temperatures of 
10–30 mK, to minimize thermal population of the upper state. 

Great efforts are made to attenuate external electrical and magnetic 
noise. The experiment is invariably enclosed in a Faraday cage — either 
a shielded room or the metal Dewar of the refrigerator with a contiguous 
metal box on top. The electrical leads that are connected to the qubits 
and their read-out devices are heavily filtered or attenuated. For 
example, lines carrying quasistatic bias currents usually have multiple 
low-pass filters at the various temperature stages of the refrigerator. 
These include both inductor–capacitor and resistor–capacitor filters that 
operate up to a few hundred megahertz, as well as wires running through 
copper powder, which results in substantial loss at higher frequencies5. 
The overall attenuation is typically 200 dB. Finally, the read-out process 
for probing a quantum system is very delicate.

Box 2 | Experimental issues with superconducting qubits

Figure 1 | The theory underlying flux qubits. a, Flux qubits consist of a 
superconducting loop interrupted by either one or three (shown) Josephson 
junctions. The two quantum states are magnetic flux Φ pointing up !    〉 
and Φ pointing down !    〉 or, equivalently, supercurrent Iq circulating in the 
loop anticlockwise and Iq circulating clockwise. b, The double-well potential 
(black) versus total flux Φ contained in a flux qubit is shown. The two wells 
are symmetrical when the externally applied magnetic flux Φe is (n + ½)Φ0, 
where n is an integer (n = 0 in this case). The coloured curves are the 
eigenfunctions (probability amplitudes) for the ground state (symmetrical; 
red) and first excited state (antisymmetrical; blue). c, The energy E of the 
two superpositions states in b versus the energy bias ε = 2Iq(Φe − Φ0/2) is 
shown. The diagonal dashed black lines show the classical energies. The 
energy-level splitting is Δ at the degeneracy point, ε = 0, and is ν for ε ≠ 0. 
d, The probabilities of the qubit flux pointing up (green) or down (yellow) 
in the ground state versus applied flux are shown.
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Figure 1 |Architecture and operation of the quantum processor. a, Photomicrograph of the sample, fabricated with aluminium (coloured) on sapphire
substrate (dark). b, Schematic of the quantum processor. Each phase qubit Qi is capacitively coupled to the central half-wavelength bus resonator B and a
quarter-wavelength memory resonator Mi. The control lines carry gigahertz microwave pulses to produce single-qubit operations. Each Qi is coupled to a
superconducting quantum interference device (SQUID) for single-shot readout. c, Illustration of quantum processor operation. By applying pulses on each
control line, each qubit frequency is tuned in and out of resonance with B (M) to perform entangling (memory) operations. d, Swap spectroscopy16 for all
four qubits. Qubit excited state |ei probability Pe (colour scale) versus frequency (vertical axis) and interaction time 1⌧ . The centres of the chevron
patterns gives the frequencies of the resonators B, M1–M4, f = 6.1,6.8,7.2,7.1,6.9 GHz, respectively. The oscillation periods give the coupling strengths
between Qi and B (Mi), which are all ⇠=55 MHz (⇠=20 MHz).

720 NATURE PHYSICS | VOL 8 | OCTOBER 2012 | www.nature.com/naturephysics



Charge qubit

• Regime:EC � EJ
Nakamura et al.  Nature, 398 786 (1999)	

Pashkin  et al.  Nature, 421 823 (2003)

n = �i~@/@(~'), ng ⌘ CgVg/2e

n
g

⇡ 1
2
) H = �1

2
B

z

�̂
z

� 1
2
B

x

�̂
x

H =
X

n

⇢
4EC(n � ng)2 � EJ

2
(|nihn + 1|+ |n + 1ihn|)

�

Cooper-pair boxes are particularly sensitive to low-frequency noise 
from electrons moving among defects (see the section ‘Decoherence’) 
and can show sudden large jumps in ng. The development of more 
advanced charge qubits such as the transmon20 and quantronium12 has 
greatly ameliorated this problem. The transmon is a small Cooper-
pair box that is made relatively insensitive to charge by shunting the 
Josephson junction with a large external capacitor to increase Ec and by 
increasing the gate capacitor to the same size. Consequently, the energy 
bands of the type shown in Fig. 3c are almost flat, and the eigenstates are 
a combination of many Cooper-pair-box charge states. For reasons that 
will be discussed later (see the section ‘Decoherence’), the transmon is 
thus insensitive to low-frequency charge noise at all operating points. 
At the same time, the large gate capacitor provides strong coupling to 
external microwaves even at the level of a single photon, greatly increas-
ing the coupling for circuit quantum electrodynamics (QED) (see the 
section ‘Quantum optics on a chip’).

The principle by which quantronium operates is shown in Fig. 4a, 
and an actual circuit is shown in Fig. 4b. The Cooper-pair box involves 
two Josephson junctions, with a capacitance Cg connected to the island 
separating them. The two junctions are connected across a third, larger, 
junction, with a higher critical current, to form a closed superconduct-
ing circuit to which a magnetic flux Φe is applied. The key to eliminating 
the effects of low-frequency charge and flux noise is to maintain the 
qubit at the double degeneracy point at which the two qubit states are 
(to first order) insensitive to these noise sources. To achieve insensi-
tivity to charge noise, the qubit is operated at ng = ½, where the energy 
levels have zero slope and the energy-level splitting is Ej (Fig. 3c). 
Insensitivity to flux noise is achieved by applying an integer number 
of half-flux quanta to the loop. The success of this optimum working 
point has been elegantly shown experimentally21. The insensitivity to 
both flux and charge implies, however, that the two states of the qubit 
cannot be distinguished at the double degeneracy point. To measure 
the qubit state, a current pulse that moves the qubit away from the flux 
degeneracy point is applied to the loop, and this produces a clockwise 
or anticlockwise current in the loop, depending on the state of the qubit. 
The direction of the current is determined by the third (read-out) junc-
tion: the circulating current either adds to or subtracts from the applied 
current pulse, so the read-out junction switches out of the zero-volt-
age state at a slightly lower or slightly higher value of the bias current, 
respectively. Thus, the state of the qubit can be inferred by measur-
ing the switching currents. With the advent of quantronium, much 
longer relaxation and decoherence times can be achieved than with a 
conventional Cooper-pair box.

Although this switching read-out scheme is efficient, it has two 
major drawbacks. First, the resultant high level of dissipation destroys 
the quantum state of the qubit, making sequential measurements of 
the state impossible. Second, the temperature of the read-out junction 
and substrate increase because of the energy that is deposited while the 
SQUID is in the voltage state — typically for 1 µs — and the equilibrium 
is not restored for ~1 ms. This limits the rate at which measurements can 
be made to ~1 kHz, resulting in long data-acquisition times.

These drawbacks have been overcome by the introduction of the 
Josephson bifurcation amplifier (JBA)22, a particularly powerful read-
out device in which there is no dissipation because the junction remains 
in the zero-voltage state (Fig. 4c). The JBA exploits the nonlinearity of 
the Josephson junction when a capacitor is connected across it, resulting 
in the formation of a resonant (or tank) circuit. When small-amplitude 
microwave pulses are applied to the resonant circuit, the amplitude and 
phase of the reflected signal are detected, with the signal strength boosted 
by a cryogenic amplifier. From this measurement, the resonant frequency 
of the tank circuit can be determined, then the inductance of the junction 
— which depends on the current flowing through it — and, finally, the 
state of the quantronium. For larger-amplitude microwaves, however, the 
behaviour of the circuit is strongly nonlinear, with the resonance frequency 
decreasing as the amplitude increases. In particular, strong driving at fre-
quencies slightly below the plasma frequency leads to a bistability: a weak, 
off-resonance lower branch during which the particle does not explore the 
nonlinearity, and a high-amplitude response at which frequency matches 
the driving frequency (Fig. 4d). The two qubit states can be distinguished 
by choosing driving frequencies and currents that cause the JBA to switch 
to one response or the other, depending on the qubit state. This technique 
is extremely fast and, even though it is based on a switching process, it 
never drives the junction into the voltage state. Furthermore, the JBA 
remains in the same state after the measurement has been made.

The JBA has been shown to approach the quantum non-demolition 
(QND) limit22. This limit is reached when the perturbation of the quan-
tum state during the measurement does not go beyond that required by 
the measurement postulate of quantum mechanics, so repeated meas-
urements of the same eigenstate lead to the same outcome23. Reaching 
the QND limit is highly desirable for quantum computing.

A similar scheme that approaches the QND limit has been imp-
lemented for the flux qubit, with the single Josephson junction replaced 
by a read-out SQUID24. Dispersive read-out for a flux qubit has also 
been achieved by inductively coupling a flux qubit to the inductor of a 
resonant circuit and then measuring the flux state from the shift in the 
resonance frequency 25.

Figure 3 | Charge qubits. a, A single Cooper-pair-box (SCB) circuit is 
shown. The superconducting island is depicted in brown and the junction 
in blue. Ej and Cj are the Josephson coupling energy and self-capacitance, 
respectively, and n is the number of Cooper pairs on the island, which 
is coupled to a voltage source with voltage Vg by way of a capacitor with 
capacitance Cg. (Panel reproduced, with permission, from ref. 28.) 
b, A micrograph of a Cooper-pair box coupled to a single-electron 
transistor (SET) is shown. Scale bar, 1 μm. (Panel reproduced, with 
permission, from ref. 78.) c, Black curves show the energy of the Cooper-
pair box as a function of the scaled gate voltage ng = CgVg/2e for different 
numbers (n) of excess Cooper pairs on the island. The parabola on the 
far left corresponds to n = 0 and the central parabola to n = 1. Dashed 

lines indicate the contribution of the charging energy Ech(n, ng) alone. The 
energy-level splitting at ng = ½ is Ej. Red curves show the current I through 
the SET as a function of ng. Transport is possible at the charge degeneracy 
points, where the gate strongly modulates the current. (Panel reproduced, 
with permission, from ref. 28.) d, A charge qubit with two junctions (left) 
coupled to a SET biased to a transport voltage Vtr (right) is shown. The 
critical current of the junctions coupled to the island is adjusted by means 
of an externally applied magnetic flux Фe. The gate of the SET is coupled to 
an externally controlled charge induced on the capacitor with capacitance 
Cg 

SET by the voltage Vg 
SET, as well as to the qubit charge by way of the 

interaction capacitance Cint. (Panel reproduced, with permission, from 
ref. 28.)
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Cooper-pair boxes are particularly sensitive to low-frequency noise 
from electrons moving among defects (see the section ‘Decoherence’) 
and can show sudden large jumps in ng. The development of more 
advanced charge qubits such as the transmon20 and quantronium12 has 
greatly ameliorated this problem. The transmon is a small Cooper-
pair box that is made relatively insensitive to charge by shunting the 
Josephson junction with a large external capacitor to increase Ec and by 
increasing the gate capacitor to the same size. Consequently, the energy 
bands of the type shown in Fig. 3c are almost flat, and the eigenstates are 
a combination of many Cooper-pair-box charge states. For reasons that 
will be discussed later (see the section ‘Decoherence’), the transmon is 
thus insensitive to low-frequency charge noise at all operating points. 
At the same time, the large gate capacitor provides strong coupling to 
external microwaves even at the level of a single photon, greatly increas-
ing the coupling for circuit quantum electrodynamics (QED) (see the 
section ‘Quantum optics on a chip’).

The principle by which quantronium operates is shown in Fig. 4a, 
and an actual circuit is shown in Fig. 4b. The Cooper-pair box involves 
two Josephson junctions, with a capacitance Cg connected to the island 
separating them. The two junctions are connected across a third, larger, 
junction, with a higher critical current, to form a closed superconduct-
ing circuit to which a magnetic flux Φe is applied. The key to eliminating 
the effects of low-frequency charge and flux noise is to maintain the 
qubit at the double degeneracy point at which the two qubit states are 
(to first order) insensitive to these noise sources. To achieve insensi-
tivity to charge noise, the qubit is operated at ng = ½, where the energy 
levels have zero slope and the energy-level splitting is Ej (Fig. 3c). 
Insensitivity to flux noise is achieved by applying an integer number 
of half-flux quanta to the loop. The success of this optimum working 
point has been elegantly shown experimentally21. The insensitivity to 
both flux and charge implies, however, that the two states of the qubit 
cannot be distinguished at the double degeneracy point. To measure 
the qubit state, a current pulse that moves the qubit away from the flux 
degeneracy point is applied to the loop, and this produces a clockwise 
or anticlockwise current in the loop, depending on the state of the qubit. 
The direction of the current is determined by the third (read-out) junc-
tion: the circulating current either adds to or subtracts from the applied 
current pulse, so the read-out junction switches out of the zero-volt-
age state at a slightly lower or slightly higher value of the bias current, 
respectively. Thus, the state of the qubit can be inferred by measur-
ing the switching currents. With the advent of quantronium, much 
longer relaxation and decoherence times can be achieved than with a 
conventional Cooper-pair box.

Although this switching read-out scheme is efficient, it has two 
major drawbacks. First, the resultant high level of dissipation destroys 
the quantum state of the qubit, making sequential measurements of 
the state impossible. Second, the temperature of the read-out junction 
and substrate increase because of the energy that is deposited while the 
SQUID is in the voltage state — typically for 1 µs — and the equilibrium 
is not restored for ~1 ms. This limits the rate at which measurements can 
be made to ~1 kHz, resulting in long data-acquisition times.

These drawbacks have been overcome by the introduction of the 
Josephson bifurcation amplifier (JBA)22, a particularly powerful read-
out device in which there is no dissipation because the junction remains 
in the zero-voltage state (Fig. 4c). The JBA exploits the nonlinearity of 
the Josephson junction when a capacitor is connected across it, resulting 
in the formation of a resonant (or tank) circuit. When small-amplitude 
microwave pulses are applied to the resonant circuit, the amplitude and 
phase of the reflected signal are detected, with the signal strength boosted 
by a cryogenic amplifier. From this measurement, the resonant frequency 
of the tank circuit can be determined, then the inductance of the junction 
— which depends on the current flowing through it — and, finally, the 
state of the quantronium. For larger-amplitude microwaves, however, the 
behaviour of the circuit is strongly nonlinear, with the resonance frequency 
decreasing as the amplitude increases. In particular, strong driving at fre-
quencies slightly below the plasma frequency leads to a bistability: a weak, 
off-resonance lower branch during which the particle does not explore the 
nonlinearity, and a high-amplitude response at which frequency matches 
the driving frequency (Fig. 4d). The two qubit states can be distinguished 
by choosing driving frequencies and currents that cause the JBA to switch 
to one response or the other, depending on the qubit state. This technique 
is extremely fast and, even though it is based on a switching process, it 
never drives the junction into the voltage state. Furthermore, the JBA 
remains in the same state after the measurement has been made.

The JBA has been shown to approach the quantum non-demolition 
(QND) limit22. This limit is reached when the perturbation of the quan-
tum state during the measurement does not go beyond that required by 
the measurement postulate of quantum mechanics, so repeated meas-
urements of the same eigenstate lead to the same outcome23. Reaching 
the QND limit is highly desirable for quantum computing.

A similar scheme that approaches the QND limit has been imp-
lemented for the flux qubit, with the single Josephson junction replaced 
by a read-out SQUID24. Dispersive read-out for a flux qubit has also 
been achieved by inductively coupling a flux qubit to the inductor of a 
resonant circuit and then measuring the flux state from the shift in the 
resonance frequency 25.

Figure 3 | Charge qubits. a, A single Cooper-pair-box (SCB) circuit is 
shown. The superconducting island is depicted in brown and the junction 
in blue. Ej and Cj are the Josephson coupling energy and self-capacitance, 
respectively, and n is the number of Cooper pairs on the island, which 
is coupled to a voltage source with voltage Vg by way of a capacitor with 
capacitance Cg. (Panel reproduced, with permission, from ref. 28.) 
b, A micrograph of a Cooper-pair box coupled to a single-electron 
transistor (SET) is shown. Scale bar, 1 μm. (Panel reproduced, with 
permission, from ref. 78.) c, Black curves show the energy of the Cooper-
pair box as a function of the scaled gate voltage ng = CgVg/2e for different 
numbers (n) of excess Cooper pairs on the island. The parabola on the 
far left corresponds to n = 0 and the central parabola to n = 1. Dashed 

lines indicate the contribution of the charging energy Ech(n, ng) alone. The 
energy-level splitting at ng = ½ is Ej. Red curves show the current I through 
the SET as a function of ng. Transport is possible at the charge degeneracy 
points, where the gate strongly modulates the current. (Panel reproduced, 
with permission, from ref. 28.) d, A charge qubit with two junctions (left) 
coupled to a SET biased to a transport voltage Vtr (right) is shown. The 
critical current of the junctions coupled to the island is adjusted by means 
of an externally applied magnetic flux Фe. The gate of the SET is coupled to 
an externally controlled charge induced on the capacitor with capacitance 
Cg 

SET by the voltage Vg 
SET, as well as to the qubit charge by way of the 

interaction capacitance Cint. (Panel reproduced, with permission, from 
ref. 28.)
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Quantum annealing with manufactured spins
M. W. Johnson1, M. H. S. Amin1, S. Gildert1, T. Lanting1, F. Hamze1, N. Dickson1, R. Harris1, A. J. Berkley1, J. Johansson2, P. Bunyk1,
E. M. Chapple1, C. Enderud1, J. P. Hilton1, K. Karimi1, E. Ladizinsky1, N. Ladizinsky1, T. Oh1, I. Perminov1, C. Rich1, M. C. Thom1,
E. Tolkacheva1, C. J. S. Truncik3, S. Uchaikin1, J. Wang1, B. Wilson1 & G. Rose1

Many interesting but practically intractable problems can be reduced
to that of finding the ground state of a system of interacting spins;
however, finding such a ground state remains computationally
difficult1. It is believed that the ground state of some naturally occur-
ring spin systems can be effectively attained through a process called
quantum annealing2,3. If it could be harnessed, quantum annealing
might improve on known methods for solving certain types of
problem4,5. However, physical investigation of quantum annealing
has been largely confined to microscopic spins in condensed-matter
systems6–12. Here we use quantum annealing to find the ground
state of an artificial Ising spin system comprising an array of eight
superconducting flux quantum bits with programmable spin–spin
couplings. We observe a clear signature of quantum annealing,
distinguishable from classical thermal annealing through the tem-
perature dependence of the time at which the system dynamics
freezes. Our implementation can be configured in situ to realize a
wide variety of different spin networks, each of which can be
monitored as it moves towards a low-energy configuration13,14.
This programmable artificial spin network bridges the gap between
the theoretical study of ideal isolated spin networks and the experi-
mental investigation of bulk magnetic samples. Moreover, with an
increased number of spins, such a system may provide a practical
physical means to implement a quantum algorithm, possibly allow-
ing more-effective approaches to solving certain classes of hard com-
binatorial optimization problems.

Physically interesting in their own right, systems of interacting spins
also have practical importance for quantum computation15. One
widely studied example is the Ising spin model, where spins may take
on one of two possible values: up or down along a preferred axis. Many
seemingly unrelated yet important hard problems, in fields ranging
from artificial intelligence16 to zoology17, can be reformulated as the
problem of finding the lowest energy configuration, or ground state, of
an Ising spin system.

Quantum annealing has been proposed as an effective way for find-
ing such a ground state2–5. To implement a processor that uses quantum
annealing to help solve difficult problems, we would need a program-
mable quantum spin system in which we could control individual
spins and their couplings, perform quantum annealing and then
determine the state of each spin. Until recently, physical investigation
of quantum annealing has been confined to configurations achievable
in condensed-matter systems, such as molecular nanomagnets6–10 or
bulk solids with quantum critical behaviour11,12. Unfortunately, these
systems cannot be controlled or measured at the level of individual
spins, and are typically investigated through the measurement of bulk
properties. They are not programmable. Nuclear magnetic resonance
techniques have been used to demonstrate a quantum annealing algo-
rithm on three quantum spins18. Recently, three trapped ions were
used to perform a quantum simulation of a small, frustrated Ising spin
system19.

One possible implementation of an artificial Ising spin system
involves superconducting flux quantum bits20–28 (qubits). We have

implemented such a spin system, interconnected as a bipartite graph,
using an in situ reconfigurable array of coupled superconducting flux
qubits14. The device fabrication is discussed in Methods and in Sup-
plementary Information. The simplified schematic in Fig. 1a shows
two superconducting loops in the qubit, each subject to an external flux
bias W1x or W2x, respectively. The device dynamics can be modelled as a
quantum mechanical double-well potential with respect to the flux, W1,
in loop 1 (Fig. 1b). The barrier height, dU, is controlled by W2x. The
energy difference between the two minima, 2h, is controlled by W1x.
The two lowest energy states of the system, corresponding to clockwise
or anticlockwise circulating current in loop 1, are labelled j#æ and j"æ,
with flux localized in the left- or the right-hand well (Fig. 1b), respec-
tively. If we consider only these two states (a valid restriction at low
temperature), the qubit dynamics is equivalent to those of an Ising
spin, and we treat the qubits as such in what follows. Qubits (spins) are

1D-Wave Systems Inc., 100-4401 Still Creek Drive, Burnaby, British Columbia V5C 6G9, Canada. 2Department of Natural Sciences, University of Agder, Post Box 422, NO-4604 Kristiansand, Norway.
3Department of Physics, Simon Fraser University, Burnaby, British Columbia V5A 1S6, Canada.
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Figure 1 | Superconducting flux qubit. a, Simplified schematic of a
superconducting flux qubit acting as a quantum mechanical spin. Circulating
current in the qubit loop gives rise to a flux inside, encoding two distinct spin
states that can exist in a superposition. b, Double-well potential energy diagram
and the lowest quantum energy levels corresponding to the qubit. States |"æ
and |#æ are the lowest two levels, respectively. The intra-well energy spacing is
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between these two state distributions (Fig. 5a). As before, we are able to
determine the dominant mechanism (thermal or quantum annealing)
by measuring the T dependence of tfreeze.

A summary of the experimental results for the eight-qubit chain is
shown in Fig. 5b. As with the single-qubit case, the experimentally
determined tfreeze values show saturation at low T and a crossover to
near-linear T dependence for T>45 mK. In this case, the classical
model treats the fluxes of all eight qubits as coordinates of a discrete
particle in a sixteen-dimensional potential. The classical model does
not capture the behaviour observed at low T. However, the quantum
models quantitatively agree with the experimental results for
T=50 mK. At higher temperatures, the classical model and the
four-level quantum model are both in qualitative agreement with the
experimental results.

The saturation of tfreeze at low T for the single-spin and eight-spin
systems is a clear signature of quantum annealing. It cannot be
explained by an experimental failure to reach lower T, as P"""""""#,
for td=tf reeze, follows its expected temperature dependence at low T
(Fig. 5a, inset). Nor can it be explained by classical thermal activation
processes, because for these lowering T would always decrease the rate
of thermal activation. This means that, classically, freeze-out should
happen earlier in the evolution, where the barrier is smaller, that is,
saturation is not possible. This qualitative argument is independent of
the detailed model used to describe classical dynamics. The low-
temperature behaviour of tfreeze in this system of eight coupled artificial
spins cannot be explained by thermal activation but is naturally
explained by quantum tunnelling. This measurement and its result
are reminiscent of the T-dependent escape rate measurements in the
pioneering works on macroscopic quantum tunnelling30,31, which
demonstrated a clear signature of quantum tunnelling in current-
biased Josephson junctions.

This brings us to our main conclusion: a programmable artificial
spin system manufactured as an integrated circuit can be used to
implement a quantum algorithm. The experiments presented here
constitute a step between understanding single-qubit annealing and
understanding the multi-qubit processes that could be used to find
low-energy configurations in a realistic adiabatic quantum processor.
In addition to its problem-solving potential, a system such as this also
provides an interesting test bed for investigating the physics of inter-
acting quantum spins, and is an important step in an ongoing investi-
gation into much more complex spin systems realized using this type
of architecture. Although our manufactured spin system is not yet a

universal quantum computer15, by adding a new type of coupler
between the qubits, universal quantum computation would become
possible32.

METHODS SUMMARY
Sample fabrication. We fabricated samples in a four-niobium-layer supercon-
ducting integrated circuit process using a standard Nb/AlOx/Nb trilayer, a TiPt
resistor layer and planarized SiO2 dielectric layers applied by plasma-enhanced
chemical vapour deposition. Design rules included 0.25-mm lines and spaces for
wiring layers and a minimum junction diameter of 0.6mm. Circuit details are
discussed in ref. 13.
Thermometry. We measured the effective device temperature attained during
these experiments in two ways. The first is based on analysis of the single-qubit
macroscopic resonant tunnelling. The second is based on measurement of P" versus
W1x at equilibrium and at a fixed barrier height. Both methods are described in ref.
33 and in Supplementary Information. Both measurements generally agreed with
the ruthenium oxide thermometer on the dilution refrigerator mixing chamber to
within a few millikelvin over the range of temperatures used in the experiment.

Confirmation of the thermometry comes from the agreement between the
measured T dependence of P:(td=tf reeze) and that predicted by the four-level
quantum model (insets of Fig. 3a and Fig. 5a). This is discussed further in Sup-
plementary Information.
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Figure 5 | Results for the eight-qubit ferromagnetic chain. a, Measured final
ground-state probability, P"""""""#, in the eight-qubit chain versus td for
ht 5 0.1J and T 5 22 mK (blue), 50 mK (green) and 90 mK (red). The solid lines
are the result of fits used to extract the freeze-out time, tfreeze. Inset, measured
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- Exploiting quantum tunneling Johnson et al.  Nature, 473 194 (2011)

Quantum annealing

coupled together using programmable coupling elements29 which pro-
vide a spin–spin coupling energy that is continuously tunable between
ferromagnetic and antiferromagnetic coupling. This allows spins to
favour alignment or anti-alignment, respectively.

The behaviour of this system can be described with an Ising model
Hamiltonian

HP~
XN

i~1

his
z
i z

XN

i,j~1

Jijs
z
i sz

j ð1Þ

where for spin i sz
i is the Pauli spin matrix with eigenvectors {j"æ, j#æ}

and 2hi is the energy bias; and 2Jij is the coupling energy between the
spins i and j. Our implementation allows each Jij and hi to be pro-
grammed independently within the constraints of the connectivity of
our devices.

The quantum mechanical properties of the individual devices have
been well characterized13, but we are interested in what happens when
several of them are coupled together. It is reasonable to ask whether
this manufactured, macroscopic (,1 mm) system of artificial spins
behaves quantum mechanically. We report here on an experiment that
demonstrates a signature of quantum annealing in a coupled set of
eight artificial Ising spins.

Whereas thermal annealing uses progressively weaker thermal fluc-
tuations to allow a system to explore its energy landscape and arrive at
a low-energy configuration, quantum annealing uses progressively
weaker quantum fluctuations, mediated by tunnelling. In both thermal
and quantum annealing, a system starts with a mixture of all possible
states: a classical mixed state in the former and a coherent superposi-
tion in the latter.

Quantum annealing can be performed by slowly changing the sys-
tem Hamiltonian

H(t)~C(t)
XN

i~1

Dis
x
i zL(t)HP

where C decreases from one to zero and L increases from zero to one
monotonically with time, and Di parameterizes quantum mechanical
tunnelling between j"æ and j#æ.

At the beginning of the annealing, C 5 1, L 5 0 and the system is
fully characterized by the transverse terms,

PN
i~1 Disx

i . The ground
state of this is a superposition of all states in the sz basis. It is straight-
forward to initialize the system in this state. During quantum anneal-
ing, the transverse term is gradually turned off (C R 0) and the weight
of the Ising Hamiltonian, HP, is increased (L R 1) (Fig. 2b). If this
annealing is done slowly enough, the system should remain in the
ground state at all times, thus ending up in the ground state of HP
(ref. 4).

The above description of quantum annealing is in the language of an
ideal Ising spin system. Let us look more closely at what this means for
an individual flux qubit. During annealing, the energy barrier, dU(t),
between the two wells is gradually raised (Fig. 2a). If thermal fluctua-
tions are dominant, then the qubit dynamics may be viewed as thermal
activation over the barrier with a rate that is proportional to e{dU=kBT

at a temperature T (kB, Boltzmann’s constant). This suggests that the
dynamics stops when dU?kBT . Because dU is increasing with time,
this freezing out happens at t<tTA

freeze, where dU(tTA
freeze)<kBT . Within

the relevant regime, dU is nearly linear in time, therefore classically we
expect tTA

f reeze to be linearly dependent on T.
If, however, the dominant fluctuations are quantum mechanical,

then the qubit may tunnel between the two wells, that is, between states
j#æ and j"æ. Raising the barrier, by increasing dU, reduces this tunnel-
ling until at some point it becomes negligible. In this picture, we expect
to find a quantum freeze-out time, tQA

freeze, that is independent of (or at
least very weakly dependent on) T. By measuring the T dependence of
tfreeze, the time at which the system can no longer respond to changes in
its energy landscape, we can determine whether classical thermal

activation or quantum tunnelling is the dominant effect governing
qubit dynamics.

Here we modify this annealing procedure to perform a specialized
experiment that permits us to distinguish between these two cases, by
allowing the hi in equation (1) to be time dependent. We measure the
‘step response’ of the system to rapid changes in h (rapid by compar-
ison with changes in C and L) at different stages during the annealing
process. In this way, we are able to measure tfreeze. By measuring tfreeze

as a function of T, we can infer whether the system dynamics is domi-
nated by thermal or quantum fluctuations.

We abruptly increase h from zero to a level ht at a delay time td

during annealing as shown in Fig. 2c, and then measure the probability
of the spin being in either configuration at the end of annealing. If h is
switched on very early in the annealing process, while the barrier dU is
still small in comparison with the thermal or quantum transition
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Figure 2 | Quantum annealing. a, Annealing is performed by gradually
raising the energy barrier between states. In thermal annealing, when the
barrier becomes much larger than kBT thermal excitation over the barrier
eventually ceases, at some time tTA

freeze. In quantum annealing, tunnelling
between states also will eventually cease, at a time tQA

freeze. b, The value of the
parameters C and L during annealing are not independent of each other in the
flux qubit. The annealing ends at tfinal 5 148ms. c, Changing the value of h(t)
(see d) at various points during annealing can be used to probe the freeze-out
time, tfreeze. d, Double-well potential during annealing. If h is turned on early
enough (blue line), the system follows the ground state through annealing and
reaches the final ground state of equation (1) with high probability. If h(t) is
turned on too late (red line), the state probabilities are determined by the earlier
Hamiltonian, for which h 5 0.

LETTER RESEARCH

1 2 M A Y 2 0 1 1 | V O L 4 7 3 | N A T U R E | 1 9 5

Macmillan Publishers Limited. All rights reserved©2011



between these two state distributions (Fig. 5a). As before, we are able to
determine the dominant mechanism (thermal or quantum annealing)
by measuring the T dependence of tfreeze.

A summary of the experimental results for the eight-qubit chain is
shown in Fig. 5b. As with the single-qubit case, the experimentally
determined tfreeze values show saturation at low T and a crossover to
near-linear T dependence for T>45 mK. In this case, the classical
model treats the fluxes of all eight qubits as coordinates of a discrete
particle in a sixteen-dimensional potential. The classical model does
not capture the behaviour observed at low T. However, the quantum
models quantitatively agree with the experimental results for
T=50 mK. At higher temperatures, the classical model and the
four-level quantum model are both in qualitative agreement with the
experimental results.

The saturation of tfreeze at low T for the single-spin and eight-spin
systems is a clear signature of quantum annealing. It cannot be
explained by an experimental failure to reach lower T, as P"""""""#,
for td=tf reeze, follows its expected temperature dependence at low T
(Fig. 5a, inset). Nor can it be explained by classical thermal activation
processes, because for these lowering T would always decrease the rate
of thermal activation. This means that, classically, freeze-out should
happen earlier in the evolution, where the barrier is smaller, that is,
saturation is not possible. This qualitative argument is independent of
the detailed model used to describe classical dynamics. The low-
temperature behaviour of tfreeze in this system of eight coupled artificial
spins cannot be explained by thermal activation but is naturally
explained by quantum tunnelling. This measurement and its result
are reminiscent of the T-dependent escape rate measurements in the
pioneering works on macroscopic quantum tunnelling30,31, which
demonstrated a clear signature of quantum tunnelling in current-
biased Josephson junctions.

This brings us to our main conclusion: a programmable artificial
spin system manufactured as an integrated circuit can be used to
implement a quantum algorithm. The experiments presented here
constitute a step between understanding single-qubit annealing and
understanding the multi-qubit processes that could be used to find
low-energy configurations in a realistic adiabatic quantum processor.
In addition to its problem-solving potential, a system such as this also
provides an interesting test bed for investigating the physics of inter-
acting quantum spins, and is an important step in an ongoing investi-
gation into much more complex spin systems realized using this type
of architecture. Although our manufactured spin system is not yet a

universal quantum computer15, by adding a new type of coupler
between the qubits, universal quantum computation would become
possible32.

METHODS SUMMARY
Sample fabrication. We fabricated samples in a four-niobium-layer supercon-
ducting integrated circuit process using a standard Nb/AlOx/Nb trilayer, a TiPt
resistor layer and planarized SiO2 dielectric layers applied by plasma-enhanced
chemical vapour deposition. Design rules included 0.25-mm lines and spaces for
wiring layers and a minimum junction diameter of 0.6mm. Circuit details are
discussed in ref. 13.
Thermometry. We measured the effective device temperature attained during
these experiments in two ways. The first is based on analysis of the single-qubit
macroscopic resonant tunnelling. The second is based on measurement of P" versus
W1x at equilibrium and at a fixed barrier height. Both methods are described in ref.
33 and in Supplementary Information. Both measurements generally agreed with
the ruthenium oxide thermometer on the dilution refrigerator mixing chamber to
within a few millikelvin over the range of temperatures used in the experiment.
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Quantum tunneling
coupled together using programmable coupling elements29 which pro-
vide a spin–spin coupling energy that is continuously tunable between
ferromagnetic and antiferromagnetic coupling. This allows spins to
favour alignment or anti-alignment, respectively.

The behaviour of this system can be described with an Ising model
Hamiltonian

HP~
XN

i~1

his
z
i z

XN

i,j~1

Jijs
z
i sz

j ð1Þ

where for spin i sz
i is the Pauli spin matrix with eigenvectors {j"æ, j#æ}

and 2hi is the energy bias; and 2Jij is the coupling energy between the
spins i and j. Our implementation allows each Jij and hi to be pro-
grammed independently within the constraints of the connectivity of
our devices.

The quantum mechanical properties of the individual devices have
been well characterized13, but we are interested in what happens when
several of them are coupled together. It is reasonable to ask whether
this manufactured, macroscopic (,1 mm) system of artificial spins
behaves quantum mechanically. We report here on an experiment that
demonstrates a signature of quantum annealing in a coupled set of
eight artificial Ising spins.

Whereas thermal annealing uses progressively weaker thermal fluc-
tuations to allow a system to explore its energy landscape and arrive at
a low-energy configuration, quantum annealing uses progressively
weaker quantum fluctuations, mediated by tunnelling. In both thermal
and quantum annealing, a system starts with a mixture of all possible
states: a classical mixed state in the former and a coherent superposi-
tion in the latter.

Quantum annealing can be performed by slowly changing the sys-
tem Hamiltonian

H(t)~C(t)
XN

i~1

Dis
x
i zL(t)HP

where C decreases from one to zero and L increases from zero to one
monotonically with time, and Di parameterizes quantum mechanical
tunnelling between j"æ and j#æ.

At the beginning of the annealing, C 5 1, L 5 0 and the system is
fully characterized by the transverse terms,

PN
i~1 Disx

i . The ground
state of this is a superposition of all states in the sz basis. It is straight-
forward to initialize the system in this state. During quantum anneal-
ing, the transverse term is gradually turned off (C R 0) and the weight
of the Ising Hamiltonian, HP, is increased (L R 1) (Fig. 2b). If this
annealing is done slowly enough, the system should remain in the
ground state at all times, thus ending up in the ground state of HP
(ref. 4).

The above description of quantum annealing is in the language of an
ideal Ising spin system. Let us look more closely at what this means for
an individual flux qubit. During annealing, the energy barrier, dU(t),
between the two wells is gradually raised (Fig. 2a). If thermal fluctua-
tions are dominant, then the qubit dynamics may be viewed as thermal
activation over the barrier with a rate that is proportional to e{dU=kBT

at a temperature T (kB, Boltzmann’s constant). This suggests that the
dynamics stops when dU?kBT . Because dU is increasing with time,
this freezing out happens at t<tTA

freeze, where dU(tTA
freeze)<kBT . Within

the relevant regime, dU is nearly linear in time, therefore classically we
expect tTA

f reeze to be linearly dependent on T.
If, however, the dominant fluctuations are quantum mechanical,

then the qubit may tunnel between the two wells, that is, between states
j#æ and j"æ. Raising the barrier, by increasing dU, reduces this tunnel-
ling until at some point it becomes negligible. In this picture, we expect
to find a quantum freeze-out time, tQA

freeze, that is independent of (or at
least very weakly dependent on) T. By measuring the T dependence of
tfreeze, the time at which the system can no longer respond to changes in
its energy landscape, we can determine whether classical thermal

activation or quantum tunnelling is the dominant effect governing
qubit dynamics.

Here we modify this annealing procedure to perform a specialized
experiment that permits us to distinguish between these two cases, by
allowing the hi in equation (1) to be time dependent. We measure the
‘step response’ of the system to rapid changes in h (rapid by compar-
ison with changes in C and L) at different stages during the annealing
process. In this way, we are able to measure tfreeze. By measuring tfreeze

as a function of T, we can infer whether the system dynamics is domi-
nated by thermal or quantum fluctuations.

We abruptly increase h from zero to a level ht at a delay time td

during annealing as shown in Fig. 2c, and then measure the probability
of the spin being in either configuration at the end of annealing. If h is
switched on very early in the annealing process, while the barrier dU is
still small in comparison with the thermal or quantum transition
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Figure 2 | Quantum annealing. a, Annealing is performed by gradually
raising the energy barrier between states. In thermal annealing, when the
barrier becomes much larger than kBT thermal excitation over the barrier
eventually ceases, at some time tTA

freeze. In quantum annealing, tunnelling
between states also will eventually cease, at a time tQA

freeze. b, The value of the
parameters C and L during annealing are not independent of each other in the
flux qubit. The annealing ends at tfinal 5 148ms. c, Changing the value of h(t)
(see d) at various points during annealing can be used to probe the freeze-out
time, tfreeze. d, Double-well potential during annealing. If h is turned on early
enough (blue line), the system follows the ground state through annealing and
reaches the final ground state of equation (1) with high probability. If h(t) is
turned on too late (red line), the state probabilities are determined by the earlier
Hamiltonian, for which h 5 0.
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coupled together using programmable coupling elements29 which pro-
vide a spin–spin coupling energy that is continuously tunable between
ferromagnetic and antiferromagnetic coupling. This allows spins to
favour alignment or anti-alignment, respectively.

The behaviour of this system can be described with an Ising model
Hamiltonian

HP~
XN

i~1

his
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XN

i,j~1

Jijs
z
i sz

j ð1Þ

where for spin i sz
i is the Pauli spin matrix with eigenvectors {j"æ, j#æ}

and 2hi is the energy bias; and 2Jij is the coupling energy between the
spins i and j. Our implementation allows each Jij and hi to be pro-
grammed independently within the constraints of the connectivity of
our devices.

The quantum mechanical properties of the individual devices have
been well characterized13, but we are interested in what happens when
several of them are coupled together. It is reasonable to ask whether
this manufactured, macroscopic (,1 mm) system of artificial spins
behaves quantum mechanically. We report here on an experiment that
demonstrates a signature of quantum annealing in a coupled set of
eight artificial Ising spins.

Whereas thermal annealing uses progressively weaker thermal fluc-
tuations to allow a system to explore its energy landscape and arrive at
a low-energy configuration, quantum annealing uses progressively
weaker quantum fluctuations, mediated by tunnelling. In both thermal
and quantum annealing, a system starts with a mixture of all possible
states: a classical mixed state in the former and a coherent superposi-
tion in the latter.

Quantum annealing can be performed by slowly changing the sys-
tem Hamiltonian

H(t)~C(t)
XN

i~1

Dis
x
i zL(t)HP

where C decreases from one to zero and L increases from zero to one
monotonically with time, and Di parameterizes quantum mechanical
tunnelling between j"æ and j#æ.

At the beginning of the annealing, C 5 1, L 5 0 and the system is
fully characterized by the transverse terms,

PN
i~1 Disx

i . The ground
state of this is a superposition of all states in the sz basis. It is straight-
forward to initialize the system in this state. During quantum anneal-
ing, the transverse term is gradually turned off (C R 0) and the weight
of the Ising Hamiltonian, HP, is increased (L R 1) (Fig. 2b). If this
annealing is done slowly enough, the system should remain in the
ground state at all times, thus ending up in the ground state of HP
(ref. 4).

The above description of quantum annealing is in the language of an
ideal Ising spin system. Let us look more closely at what this means for
an individual flux qubit. During annealing, the energy barrier, dU(t),
between the two wells is gradually raised (Fig. 2a). If thermal fluctua-
tions are dominant, then the qubit dynamics may be viewed as thermal
activation over the barrier with a rate that is proportional to e{dU=kBT

at a temperature T (kB, Boltzmann’s constant). This suggests that the
dynamics stops when dU?kBT . Because dU is increasing with time,
this freezing out happens at t<tTA

freeze, where dU(tTA
freeze)<kBT . Within

the relevant regime, dU is nearly linear in time, therefore classically we
expect tTA

f reeze to be linearly dependent on T.
If, however, the dominant fluctuations are quantum mechanical,

then the qubit may tunnel between the two wells, that is, between states
j#æ and j"æ. Raising the barrier, by increasing dU, reduces this tunnel-
ling until at some point it becomes negligible. In this picture, we expect
to find a quantum freeze-out time, tQA

freeze, that is independent of (or at
least very weakly dependent on) T. By measuring the T dependence of
tfreeze, the time at which the system can no longer respond to changes in
its energy landscape, we can determine whether classical thermal

activation or quantum tunnelling is the dominant effect governing
qubit dynamics.

Here we modify this annealing procedure to perform a specialized
experiment that permits us to distinguish between these two cases, by
allowing the hi in equation (1) to be time dependent. We measure the
‘step response’ of the system to rapid changes in h (rapid by compar-
ison with changes in C and L) at different stages during the annealing
process. In this way, we are able to measure tfreeze. By measuring tfreeze

as a function of T, we can infer whether the system dynamics is domi-
nated by thermal or quantum fluctuations.

We abruptly increase h from zero to a level ht at a delay time td

during annealing as shown in Fig. 2c, and then measure the probability
of the spin being in either configuration at the end of annealing. If h is
switched on very early in the annealing process, while the barrier dU is
still small in comparison with the thermal or quantum transition
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Figure 2 | Quantum annealing. a, Annealing is performed by gradually
raising the energy barrier between states. In thermal annealing, when the
barrier becomes much larger than kBT thermal excitation over the barrier
eventually ceases, at some time tTA

freeze. In quantum annealing, tunnelling
between states also will eventually cease, at a time tQA

freeze. b, The value of the
parameters C and L during annealing are not independent of each other in the
flux qubit. The annealing ends at tfinal 5 148ms. c, Changing the value of h(t)
(see d) at various points during annealing can be used to probe the freeze-out
time, tfreeze. d, Double-well potential during annealing. If h is turned on early
enough (blue line), the system follows the ground state through annealing and
reaches the final ground state of equation (1) with high probability. If h(t) is
turned on too late (red line), the state probabilities are determined by the earlier
Hamiltonian, for which h 5 0.
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Lattice protein folding models are a cornerstone of computational biophysics. Although these models are a
coarse grained representation, they provide useful insight into the energy landscape of natural proteins.
Finding low-energy threedimensional structures is an intractable problem even in the simplest model, the
Hydrophobic-Polar (HP) model. Description of protein-like properties are more accurately described by
generalized models, such as the one proposed by Miyazawa and Jernigan (MJ), which explicitly take into
account the unique interactions among all 20 amino acids. There is theoretical and experimental evidence of
the advantage of solving classical optimization problems using quantum annealing over its classical
analogue (simulated annealing). In this report, we present a benchmark implementation of quantum
annealing for lattice protein folding problems (six different experiments up to 81 superconducting quantum
bits). This first implementation of a biophysical problem paves the way towards studying optimization
problems in biophysics and statistical mechanics using quantum devices.

T
he search for more efficient optimization algorithms is an important endeavor with prevalence on many
disciplines ranging from the social sciences to the physical and natural sciences. Belonging to the latter, the
protein folding problem1–7 consists of finding the lowest free-energy configuration or, equivalently, the native

structure of a protein given its amino-acid sequence. Knowing how proteins fold elucidate their three-dimensional
structure-function relationship which is crucial to the understanding of enzymes and for the treatment of
misfolded-protein diseases such as Alzheimer’s, Huntington’s, and Parkinson’s disease. Due to the high computa-
tional cost of modeling proteins in atomistic detail8,9, coarse-grained descriptions of the protein folding problem,
such as those found in lattice models, provide valuable insight about the folding mechanisms2,4–6,10.

Harnessing quantum-mechanical effects to speed up the solving of classical optimization problems is at the
heart of quantum annealing algorithms (QA)11–15. There is theoretical11,12,16–18 and experimental19 evidence of the
advantage of solving classical optimization problems using QA11–14 over its classical analogue (simulated anneal-
ing20). In QA, quantum mechanical tunneling allows for more efficient exploration of difficult potential energy
landscapes such as that of classical spin-glass problems. In our implementation of lattice folding, quantum
fluctuations (tunneling) occurs between states representing different model protein conformations or folds.

The theoretical challenge is to efficiently map the hard computational problem of interest (e.g., lattice folding)
to a classical spin-glass Hamiltonian: such mapping requiring a polynomial number of quantum bits (qubits) with
the size of the problem (protein length) is described elsewhere21. Here we present a new mapping which, due to its
exponential scaling with problem size, is not intended for large instances. The proposed mapping employs very
few qubits for small problem instances, making it ideal for this first experimental demonstration and imple-
mentation on current quantum devices22. A combination of the existing polynomial mapping21 and more
advanced quantum devices would allow for the simulation of much larger instances of lattice folding and other
related optimization problems.

Solving arbitrary problem instances requires a programmable quantum device to implement the correspond-
ing classical Hamiltonian. We employ quantum annealing on the programmable device to obtain low-energy
conformations of the protein model. We emphasize that nothing quantum mechanical is implied about the
protein or its folding process; rather quantum fluctuations are a tool we use to solve the optimization problem.

The QA protocol performed here is also known as adiabatic quantum computation (AQC)17,23. Of all the
quantum-computational models, AQC is perhaps the most naturally suited for studying and solving optimization
problems17,24. For the experiments presented here, the small finite temperature of the superconducting device is
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related optimization problems.
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ing classical Hamiltonian. We employ quantum annealing on the programmable device to obtain low-energy
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Thermally assisted quantum annealing of a
16-qubit problem
N. G. Dickson1, M. W. Johnson1, M. H. Amin1,2, R. Harris1, F. Altomare1, A. J. Berkley1, P. Bunyk1,

J. Cai1, E. M. Chapple1, P. Chavez1, F. Cioata1, T. Cirip1, P. deBuen1, M. Drew-Brook1, C. Enderud1,

S. Gildert1, F. Hamze1, J. P. Hilton1, E. Hoskinson1, K. Karimi1, E. Ladizinsky1, N. Ladizinsky1, T. Lanting1,

T. Mahon1, R. Neufeld1, T. Oh1, I. Perminov1, C. Petroff1, A. Przybysz1, C. Rich1, P. Spear1, A. Tcaciuc1,

M. C. Thom1, E. Tolkacheva1, S. Uchaikin1, J. Wang1, A. B. Wilson1, Z. Merali3 & G. Rose1

Efforts to develop useful quantum computers have been blocked primarily by environmental

noise. Quantum annealing is a scheme of quantum computation that is predicted to be more

robust against noise, because despite the thermal environment mixing the system’s state in

the energy basis, the system partially retains coherence in the computational basis, and

hence is able to establish well-defined eigenstates. Here we examine the environment’s

effect on quantum annealing using 16 qubits of a superconducting quantum processor. For a

problem instance with an isolated small-gap anticrossing between the lowest two energy

levels, we experimentally demonstrate that, even with annealing times eight orders of

magnitude longer than the predicted single-qubit decoherence time, the probabilities of

performing a successful computation are similar to those expected for a fully coherent

system. Moreover, for the problem studied, we show that quantum annealing can take

advantage of a thermal environment to achieve a speedup factor of up to 1,000 over a closed

system.
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Thermally assisted quantum annealing of a
16-qubit problem
N. G. Dickson1, M. W. Johnson1, M. H. Amin1,2, R. Harris1, F. Altomare1, A. J. Berkley1, P. Bunyk1,

J. Cai1, E. M. Chapple1, P. Chavez1, F. Cioata1, T. Cirip1, P. deBuen1, M. Drew-Brook1, C. Enderud1,

S. Gildert1, F. Hamze1, J. P. Hilton1, E. Hoskinson1, K. Karimi1, E. Ladizinsky1, N. Ladizinsky1, T. Lanting1,

T. Mahon1, R. Neufeld1, T. Oh1, I. Perminov1, C. Petroff1, A. Przybysz1, C. Rich1, P. Spear1, A. Tcaciuc1,

M. C. Thom1, E. Tolkacheva1, S. Uchaikin1, J. Wang1, A. B. Wilson1, Z. Merali3 & G. Rose1

Efforts to develop useful quantum computers have been blocked primarily by environmental

noise. Quantum annealing is a scheme of quantum computation that is predicted to be more

robust against noise, because despite the thermal environment mixing the system’s state in

the energy basis, the system partially retains coherence in the computational basis, and

hence is able to establish well-defined eigenstates. Here we examine the environment’s

effect on quantum annealing using 16 qubits of a superconducting quantum processor. For a

problem instance with an isolated small-gap anticrossing between the lowest two energy

levels, we experimentally demonstrate that, even with annealing times eight orders of

magnitude longer than the predicted single-qubit decoherence time, the probabilities of

performing a successful computation are similar to those expected for a fully coherent

system. Moreover, for the problem studied, we show that quantum annealing can take

advantage of a thermal environment to achieve a speedup factor of up to 1,000 over a closed

system.
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Experimental Determination of Ramsey Numbers
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Ramsey theory is a highly active research area in mathematics that studies the emergence of order in

large disordered structures. Ramsey numbers mark the threshold at which order first appears and are

extremely difficult to calculate due to their explosive rate of growth. Recently, an algorithm that can be

implemented using adiabatic quantum evolution has been proposed that calculates the two-color Ramsey

numbers Rðm; nÞ. Here we present results of an experimental implementation of this algorithm and show

that it correctly determines the Ramsey numbers Rð3; 3Þ and Rðm; 2Þ for 4 # m # 8. The Rð8; 2Þ
computation used 84 qubits of which 28 were computational qubits. This computation is the largest

experimental implementation of a scientifically meaningful adiabatic evolution algorithm that has been

done to date.

DOI: 10.1103/PhysRevLett.111.130505 PACS numbers: 03.67.Ac, 02.10.Ox, 89.75.Hc

In recent years first steps have been taken towards
experimentally realizing the computational advantages
promised by well-known quantum algorithms. As with
any nascent effort, these initial steps have been limited.
To date the largest experimental implementations of sci-
entifically meaningful quantum algorithms have used just
a handful of qubits. For circuit-based algorithms [1], seven
spin qubits were used to factor 15, while for adiabatic
algorithms [2], four spin qubits were used to factor 143.
In both cases compiled versions of the algorithms were
needed to allow factoring with such small numbers of
qubits. Although factoring was the focus of both experi-
ments, other scientifically significant applications exist.

In Ref. [3] an algorithm for determining the two-color
Ramsey numbers was proposed which could be imple-
mented using adiabatic quantum evolution. Ramsey num-
bers are part of an active research area in mathematics
known as Ramsey theory [4] whose central theme is the
emergence of order in large disordered structures. The
disordered structures can be represented by an N-vertex
graph G, and the ordered substructures by specific graphs
H1 and H2 that are to appear as subgraphs of G. For
two-color Ramsey numbers the subgraphs H1 and H2 are
m-cliques and n-independent sets, respectively. An
m-clique is a set of m vertices that has an edge connecting
any two of the m vertices, and an n-independent set is a set
of n vertices in which no two of the n vertices are joined by
an edge. Using Ramsey theory [4,5], one can prove that a
threshold value Rðm; nÞ exists so that for N $ Rðm; nÞ
every graph with N vertices will contain either an
m-clique or an n-independent set. The threshold value
Rðm; nÞ is an example of a two-color Ramsey number.
Other types of Ramsey numbers exist, though we focus
on two-color Ramsey numbers here. Ramsey numbers
Rðm; nÞ grow extremely quickly and are notoriously

difficult to calculate. In fact, for m, n $ 3, only nine are
presently known [5].
In the Ramsey number algorithm (RNA) [3], the calcu-

lation of Rðm; nÞ is formulated as an optimization problem
which can be solved using adiabatic quantum evolution [6].
Here we present evidence of an experimental implementa-
tion of the RNA using adiabatic quantum evolution and
show that it correctly determines the Ramsey numbers
Rð3; 3Þ and Rðm; 2Þ for 4 # m # 8. The experimental
computation of Rð8; 2Þ used a total of 84 qubits of which
28 were computational qubits and applied an effective
interaction coupling 28 qubits. To the best of our knowl-
edge, this is the largest experimental implementation of a
scientifically meaningful adiabatic evolution algorithm.
We begin this Letter with a brief description of the RNA.

We then discuss the details of experimentally implement-
ing the RNA using adiabatic quantum evolution on a chip
of 106 superconducting flux qubits, and follow with a
presentation of our experimental results. Finally, we close
with a discussion of what has been found.
I. Ramsey number algorithm.—We briefly describe

the construction of the RNA; see Ref. [3] and the
Supplemental Material [7] for a detailed presentation.
As computation of Rðm; nÞ is intimately connected with

the presence or absence of edges, we associate a bit variable
av;v0 with each pair of vertices (v, v0) in an N-vertex graph
G, and setav;v0 ¼ 1 (0)whenv andv0 are (are not) joined by
an edge in G. There are thus LN ¼ ðN2Þ & NðN ' 1Þ=2 bit
variables which we collect into the bit vector (bit string)
a ¼ ða2;1; . . . ; aN;1; a3;2; . . . ; aN;2; . . . ; aN;N'1Þ of length
LN . Thus an N-vertex graph G determines a unique
bit string a, and vice versa. Reference [3] (and the
Supplemental Material [7]) showed how to count the num-
ber of m-cliques CN

mðaÞ and n-independent sets INn ðaÞ in an
N-vertex graph G using its associated bit string a. We can
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Conclusions

!
• AQC seems a promising route for quantum computation. Specially when 
one considers the implementation of  specific task machines;	

!
➡ However, since no clear route has been offered in order to surpass 
the minimum gap dependence with the system size, it is fair to worry 
about its scalability. 	


!
•As for D-Wave’s AQC computer, all the experimental results reported -and 
their trials of refutation- have corroborated the assumption that the machine 
operates in the quantum regime.	

!
➡ that does not necessarily mean that the machine will outperform its 
classical analogue. It is important to have a comparison with a classical 
machine specialized in the same class of problem, in order to settle 
this point. 


